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Abstract

In this paper we extend the GLS estimator in high dimensional linear models with
serially correlated errors and explore its asymptotic properties. We find that the LASSO
estimator is consistent under the assumption of a-mixing imposed on the covariate and
error processes. However, upon debiasing, is inefficient compared with the proposed
feasible DEBIASED GLS LASSO estimator. We show that the feasible DEBIASED GLS LASSO
leads to uniformly valid inference in the presence of serial error autocorrelation. Monte
Carlo results support the proposed estimator and illustrate significant efficiency gains
over the (DEBIASED) LASSO. Finally, an empirical application supports our theoretical
results and showcases the superiority of the feasible GLS LASSO in terms of forecasting

efficiency against the LASSO and other estimators.
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1 Introduction

Research in high-dimensional statistics and econometrics has witnessed a surge because
the dimensionality of available datasets, models and associated parameter spaces has grown
massively, in relation to the sample size. After the seminal work of Tibshirani (1996), the LASSO
has become a focus of this continuously growing literature, since it conducts simultaneously
model estimation and selection. More recent work establishes the asymptotic behaviour of the
LASSO estimator as well as its model selection consistency, known as the oracle property, see,
for example, Meinshausen and Yu (2009), Raskutti et al. (2010), Van De Geer and Bithlmann
(2009), Van de Geer (2008) and Zhang and Huang (2008).

Although the majority of the theoretical work is centred around the asymptotic behaviour
of the LASSO and relevant estimators in generalised linear models, the main interest still lies
in simple designs, such as i.i.d. or fixed covariates, while limited work has been done towards
the direction of regularised linear models with time series components. Early work of Wang
et al. (2007) suggests a linear model with autoregressive error terms and their resulting LASSO
estimator satisfies a Knight and Fu (2000)-type asymptotic property, where the number of
covariates cannot be larger than the sample size. Hsu et al. (2008) consider the LASSO estimator
under a Vector Autoregressive (VAR) process and derive their asymptotic results following the
same setting as the former. Various other papers derive asymptotic results ensuring effective
model selection for regularised estimators: Nardi and Rinaldo (2011) consider autoregressive
structure on the covariates, Basu and Michailidis (2015) consider stochastic regressions and
transition matrix estimation in VAR models, and Kock and Callot (2015) consider models with
stationary VAR covariates.

Further, indicative papers of research in high-dimensional econometrics which allow for more
relaxed assumptions are: Kock (2016a) shows that the adaptive LASSO is oracle efficient in
stationary and non-stationary autoregressions, Masini et al. (2022) consider linear time-series
models with non-Gaussian errors, and Wong et al. (2020) consider sparse Gaussian VAR models
exploring the efficiency of S-mixing assumptions, used to bound the prediction and estimation
error of sub-Weibull covariates. Another class of papers focuses entirely on high-dimensional
financial econometrics: Babii et al. (2023) and Babii et al. (2022) consider prediction and now-
casting with panel data and high-dimensional time series respectively, sampled at different
frequencies using the sparse-group LASSO.

Although, the LASSO provides an efficient avenue to estimation and variable selection in
high-dimensional datasets, one is unable to perform inference on the estimated parameters.
Leeb and Poétscher (2005) have proven that ignoring the model selection step in the LASSO,
leads to invalid uniform inference. Recent developments hinge on post-selection inference, see,
for example, Berk et al. (2013) and Taylor and Tibshirani (2015), among others. The incentive
is that post-selection methods provide valid inference on the non-zero coefficients obtained after
model selection, which is typically carried out at a first step, using the LASSO. Although post-
LASSO inference guarantees valid confidence intervals, it is subject to the model selection made

prior to that step, which can be misleading when the conditions for a "well-behaved" model are



not met, e.g. i.i.d. errors and/or covariates. The latter facilitates the necessity for post-LASSO
inference to allow for more relaxed assumptions, as well as uniformity in the limit theory for
general penalised models. A way to relax the i.i.d./Gaussianity assumption has been proposed
by Tian and Taylor (2017) and Tibshirani et al. (2018), who consider a bootstrap approach for
asymptotically valid testing. However, i.i.d. conditions on the covariates and errors need to be

assumed in order examine the large sample properties of the method.

Alternative approaches that allow inference on the true parameters without the limitation
of a "well-behaved" model, have been developed. These are based on DEBIASED or desparsified
versions of the LASSO, see, for example, Javanmard and Montanari (2014), Van de Geer et al.
(2014), Zhang and Zhang (2014) and on certain assumptions on the covariance matrix, such as
fixed design, i.i.d-ness or sub-Gaussianity. Further, extensions to a time series framework have
been introduced in the literature: Chernozhukov et al. (2021) consider the covariates and error
terms of a high-dimensional model to be temporally and cross-sectionally dependent and apply
bootstrap methods towards estimation and inference of the true parameters. Babii et al. (2020)
use DEBIASED sparse-group LASSO for inference in a lower dimensional group of parameters.
Kock (2016b) studies high-dimensional correlated random effects panel data models, where
they allow for correlation between time invariant covariates and unobserved heterogeneity, as
under fixed effects. Finally, Adamek et al. (2023) extend the desparsified LASSO to a time
series setting, using near-epoch dependence assumptions, allowing for non-Gaussian, serially
correlated and heteroscedastic processes. Notice though that throughout the literature, no link
has been made on the use of Generalised Least Squares (GLS) type of inference to account for

non-spherical errors, which is the main focus of this paper.

Inference on Ridge regression instead of the LASSO has been considered by Zhang and
Politis (2022), where they propose a wild bootstrap algorithm to construct confidence regions
and perform hypothesis testing for a linear combination of parameters. A similar approach has
been considered by Zhang and Politis (2023), allowing for inference under non-stationary and

heteroscedastic errors.

In this paper, we contribute to the ongoing literature of high-dimensional inference under
general conditions. We propose a penalised GLS-type estimator which utilizes estimated au-
tocovariances of the residual in a linear regression, where the residual is allowed to follow a
general autoregressive process. LASSO works as a preliminary estimator and is shown to be
asymptotically consistent under mild assumptions on the covariates and error processes. We
perform uniform inference via the DEBIASED GLS LASSO, imposing mild restrictions on the
autocorrelation of the error term. In addition, we relax assumptions on the error and most
importantly the covariates processes, commonly used in the existing literature, for example

fixed design, i.i.d., sub-Gaussianity, by allowing them to be stationary a-mixing processes.

The remainder of this paper is organised as follows. Sections 2—4 present the model, proposed
methodology and theoretical results. Section 5 describes the regularisation parameter tuning,
Section 6 contains the Simulation Study, and Section 7 presents an empirical application.

Section 8 concludes. Proofs and additional simulation results are relegated to the Supplement.



Notation

For any vector & € R", we denote the /-, (- and lp- norms, as [|z|[, = (32, \x¢|p)1/p,

|00 = maxi—1,_n|zil, |2]lo = D i 1{x; # 0} = supp(x), respectively, and sign(z) denotes
the sign function applied element-wise on . We use "—p" to denote convergence in probability.
For two deterministic sequences a,, and b,, we define asymptotic proportionality, "<", by writing
a, < b, if there exist constants 0 < ¢; < ¢y such that ¢;b, < a,, < b, for all n > 1. For
any set A, |A| denotes its cardinality, while A° denotes its complement. For a, b € R, we write
aVb = max{a,b} and a Ab = min{a, b}. For a real number a, |a| denotes the largest integer no

greater than a. For a symmetric matrix B, we denote its minimum and maximum eigenvalues
by Amin (B) and Ap.x (B) respectively.

2 Theoretical considerations

We consider the following high-dimensional linear regression model,

Yy = 2,8 + uy, (1)
q
ut:Z¢jut—j+€t7 tZQ+177T7 (2)
j=1
where {x;} = {(a:t,l, . ,xt,p)/} is a p-dimensional vector-valued stationary time series of pre-

dictors, that may include the intercept and ¢ < co. We provide the following definition and

further proceed with assumptions on {@:}, {e:}, and {u.}.

DEFINITION 1. Consider a sequence of r.v.s’, {z;} such that zy — Ez; is a stationary, ergodic
a-mizing sequence with mizing coefficients oy, < cp¥, k > 1, for some 0 < p < 1 and ¢ > 0. In
addition, assume that the r.v.’s, {z;} have thin- or heavy-tailed distributions.
1. We write {z:} € T(r),r > 0 to denote a thin-tailed distribution for z;, for some d,r > 0,
and E [exp (d|z]")] < oo
2. We write {z} € H(0),0 > 4 to denote a heavy-tailed distribution for z and E |z|’ < co.
The definitions in 1 and 2 imply different properties for {z:}, such that for co,c1,§ > 0 we
write
Pl 22 {00370 T e T o o
o€, if 2z € H(0),0 > 4.
Exponential inequalities for sums of unbounded r.v.’s, z; with thin- and heavy-tailed distribu-

tions can be found in Lemma 1 of Dendramis et al. (2021).

ASSUMPTION 1. Let {e;} be a sequence of independent and identically (i.i.d) random vari-
ables, with E(g;) = 0, that satisfies the conditions in Theorem 14.9 of Davidson (1994), with
probability density function (p.d.f), f-, that ezists and is continuous almost everywhere. f. can
either have thin or heavy tails, which would imply different properties for P(|le;| > &), which

are summarised in (3).



REMARK 1. In Assumption 1, we outline the properties and tail behaviour of {;}. The re-
quirement of {e;} to satisfy the conditions in Theorem 14.9 of Davidson (1994) allows us to
define {u;} as a strong mixing AR(q) process, with properties and tail behaviour outlined in
Definition 1. This is the reason why we also need to make an explicit distributional assumption
for {e;}, where its p.d.f, should be continuous almost everywhere. If this is not assumed, then

{u;} may not be strong mixing, see e.g. Andrews (1984).
We proceed and place the following Assumption on {u;}.

ASSUMPTION 2. {u;} is a second order stationary process that satisfies (2), where we as-
sume that the roots of the polynomial ¢(z) = (1 — Y%, ¢:2"), all lie outside the unit root
circle. Then uy can have either thin- or heavy-tailed distributions, such that u, € T (r),r >
0, if Definition 1.1 is satisfied, or uy € H(0),0 > 4, if Definition is 1.2 satisfied.

Note that the tail behaviour of {u;} in Assumption 2 is governed by the tail behaviour of {e;}.
We propose to estimate the unknown parameters associated with (1) feasibly within the

scope of a high-dimensional model. To describe the method in detail, let
at:yt_m:f/gv tzla"'7T7

where B is a preliminary LASSO estimate of 3. Further, let $ = (51, . ,$q)’ be the ¢** order
OLS estimator of the autoregressive parameters for {u;} obtained as the the solution to the

minimisation of

T
TN (G — Gy — Bgliy)”
t=q+1
over ¢ = (¢1,...,¢,)". Then, an asymptotically valid feasible and penalised GLS estimate of

B can be obtained minimising the following loss function, with respect to the parameters of

interest, 3:

£(8:6) = mmingz: |5 - X, + 2181, g

where X = EX, Y= iy, y=(y,...,yr) and Lisa (T — q) x T matrix defined as:

—@ —<$qf1 T 1 o0 0 3
b4 ~ ~ 1

R G IR B DG
0 0 0 e _(Eq _aq_l e _(Zl 1 Pq

One can use the scalar representation of y and vector representation of /)\(/, to obtain
q . q .
ﬂt:yt—Z@ytﬂ', @:wt—Z@wt,j, t=q+1,...,T.
J=1 j=1

The loss function in (4) corresponds to the ¢;-penalised loss function using the estimates of c/ﬁ,

where the additional penalty is added to the least squares objective. Note that the asymptotic



consistency of B can be established even prior to the estimation of ¢. We prove this result in
Lemma 1. Further, following the same argument that we used to define Lin (5), we define L,
a (T — q) x T matrix, with (E replaced by ¢, which is used to derive the infeasible GLS LASSO
estimates, when the degree of autocorrelation in u; is known, using X* = LX and y* = Ly.

These quantities will be useful for our analysis in Section 4.

REMARK 2. Notice that Yule-Walker or Burg-type estimates (or maximum entropy estimates),
see, for example, Burg (1968), Brockwell et al. (2005), can be used instead of the OLS estimates
to obtain qg, used in the construction of i, without changing the asymptotic properties of

~

neither the preliminary estimate, ﬁ nor the GLS-type estimate, 3.

ASSUMPTION 3. The components of @, = (x¢1,...,%tp), can have either thin- or heavy-tailed

distributions, such that fort=1,...,p,

T(r),r >0, satisfies Definition 1.1.
s} € { - )

H(0),0 > 4, satisfies Definition 1.2

Assumption 3 imposes moment conditions and defines the tail behaviour of {x;,}. Notice
that with heavy-tailed distributions for {@x;} and {u:}, the probability inequalities in (3) be-
come polynomial rather than exponential. By allowing heavy tails in {x;} and {u;}, we permit
departures from exponential probability tails, implying that p should be relatively small com-
pared to T, see, for example, Assumption 6. In the Supplement we explore the small sample
properties of the proposed estimators in cases where the sampling distributions of {x; } and {u,}
have heavier tails compared to the normal distribution, for example, @, u; ~ tq4, d = {4,8,16},

using simulations.

ASSUMPTION 4. For all t,s (i) E(u|xs) = 0; (i) sup, E(u?|zs) = O(1); (i) The smallest
eigenvalue of Xy, is bounded away from zero, almost surely, by some constant Omin > 0,

Amin(Byjz) > Omin, where Xy, = (v‘j,;d) and v, = E(ugug|zs), for some k > 0.

jvk:]-v“'v

In Assumption 4 we place a strict exogeneity assumption and rule out the addition of lagged
endogenous variables in the RHS of (1), that is we assume that {u;} is uncorrelated with {x;},
and that F(g|zs) = 0, and sup, E(?|x,) = O(1), for all t,s. We now further consider the

overall tail behaviour of the empirical process, {(;;}, which is defined as (;; = {x6:}:

ASSUMPTION 5. For every i =1,...,p, there are two possible tail behaviours for {(;;}; either
i) {Ci}t € T(r), if both {x;} € T(r) and e, € T(r), for some r > 0, or ii) {¢;} € H(O), if
at least one (or both) of {x;,;},{e:} € H(O), for some 6 > 4, and T (r) and H(0) are given in
Definition 1.

REMARK 3. Alternatives to a-mixing processes can also be considered, such as 7-mixing pro-
cesses, which allow for heavier than Gaussian tails. Babii et al. (2024) establish a version of the
Fuk—Nagaev inequality for 7-mixing processes, to derive the debiased central limit theorem for

low-dimensional groups of regression coefficients.



Our objective is to use a GLS-type of estimator to address the issue of serial-autocorrelation
in the error term, u;, that will enable sharper inference following the paradigm of the DEBIASED
LASSO. Such methods have been examined in the past in low dimensional cases, where T >> p,
see, for example, Amemiya (1973), and Kapetanios and Psaradakis (2016). We extend this
framework to allow for p > T', ensuring that w,; is asymptotically consistent using a penalised

estimate of 3, while we limit our research to finite autoregressions.

REMARK 4. The theoretical results presented in this section can be established even when {u;}
admits an AR(c0) representation, which could arise in practice by inverting an MA(1) process.
This would entail certain additional assumptions to be made about {u,;}, and the theoretical
proofs would come at an increased mathematical cost. Given the very good performance of
an AR(1) model in instances as above, see, for example, Kapetanios and Psaradakis (2016),
and Perron and Gonzélez-Coya (2022), in low-dimensional settings, we choose not to pursue
this and leave it for future work. However, it is of interest to examine the properties of the
proposed estimator in the case where the order, ¢, used for the estimation is misspecified.
In the Supplement, we explore the small sample properties of the GLS and DEBIASED GLS
estimators when the error is generated from an MA(1) process to examine the impact of the

misspecification of ¢ in estimation and inference.

The use of penalised models highlights the necessity of imposing sparsity conditions on the
parameter set, B, which in turn allow for a degree of misspecification in the model. The latter
can be approximated by a sparse linear model following certain boundedness conditions on the

smallest eigenvalues of the sample variance-covariance matrix, >, , x,x;/T.

ASSUMPTION 6. For some 0 > 4, we define the reqularisation parameter:
A= O(T ?10g"? p) v O(p"/*T~+1) (7)

The regularization parameter in Assumption 6 is determined by the distribution of the data,
namely on whether the decay of the probability tails of the data are either exponential, or
polynomial.

We now define the following index set for ¢ = 1,..., p:

So={i:p; #0}, (8)

with cardinality sy = |Sg|. The set Sp, is the active set, and sy the sparsity index of 5. We
make use of S in the following assumption, which forms the compatibility condition, as seen
in Bickel et al. (2009), Raskutti et al. (2010) and Chapter 6 of Biihlmann and Van De Geer
(2011). We make the following assumption under Sj.

ASSUMPTION 7. For B = (1,...,5,) , denote B, = Bi 1{i € So}, By =i 1 {i & So}, such
that B,, has zeroes outside the set So, such that [|By | < 38,1, X = BT (x, —

7



> i1 Gie—j) (@ — Y5, ¢®i—;)]. We define the following compatibility constant

| Sl
im0 g
ﬁsﬁ 1§3|'650 1 HBSOHl
BeRP\{0}

Consider (2(sg, @) > 0, then HBSOHi < [B'EB8] (% (s0, P) , holds. The constant 3 might appear
arbitrary and can be replaced with a number larger than 1, at the cost of changing the lower

bound for \.

Assumption 7 implies the “restricted” positive definiteness of the variance-covariance matrix,
which is valid only for the vectors satisfying [|B|l1 < 3[|B,, 1. Assumption 7 excludes cases
of a perfectly multicollinear design, while Toeplitz covariance structures can be allowed in our
setting. We further note that Assumption 7 is a relaxation of explicitly imposing a bound on
the precision matrix, such that the Ay (E[S._, ,2,/T]) > 6 > 0.

Notice that in Assumption 7 we present a modified restricted eigenvalue condition, based on
the population variance-covariance matrix, 3. In Lemma 10.7 of the Supplement, we show that
the population covariance ¥ = E [Tﬁl(zgﬁzl(mt -2 b ) (- 11 0Tj))
can be approximated well by the sample covariance estimate, T3 (31 (@, —
S dime ) (X (= S0, djaij)), such that

ik — 2ik

P ( max > 1/) — 0, for some v > 0. (10)
0<i,k<p

We provide a proof of (10) in the Supplement. Note that a statement similar to (10) can be
shown using 3 = E (T‘l ST wtw;> and its estimator 3 = T-' 7 a2,

LEMMA 1. For some parameter 5\, let

£(B) = |ly - XBl; + Bl (11)

be the LASSO regression prior to obtaining u;. Consider 3 and the following restricted eigenvalue

condition,

50|85, |2 < B8, (12)

for some ¢y% >0 and sy = |Sy|.

Under Assumptions 1, 3, 4, specifically for i = 1,...,p and if {x;;u} € T(r), r > 0 we
show that (13) and (14) hold with probability at least 1 — cp~, for some A =< T~/21log"?p.
Alternatively, if {z;u:} € H(0), 0 > 4, then (13) and (14) hold with probability at least 1 —
cp (%) - T=271 and for some \g = ps T-(3+D < A2, A= p/OT=G+D | positive constants,

¢, e and (soho) = o(1) (in both cases of X), we have the following non-asymptotic bound:

7 |[x (8- 8)|, < 4250057 (13)

8



|88 =aiss;® (14)

where B is the LASSO estimate obtained from the solution of (11), and (12) holds. A detailed

proof of Lemma 1 can be found in the Supplement.

Further, in Lemma 1, we show that the oracle inequalities hold prior to estimating q/g Notice
that in (12) we use the population covariance matrix instead of the sample, T! Zthl ),
for which an argument similar to (10) holds and is formalised in the Supplement, see Lemma
10.7. Notice that (12) is the restricted eigenvalue condition on the population covariance,
E(T! Zthl x;x}), while ¢;? is the compatibility constant. Lemma 1 is of paramount impor-

tance and is required in order to establish the following corollary and Theorem 1.

COROLLARY 1. Let Assumptions 1, 3,4, and 7 hold. Specifically for i = 1,...,p and if
{ze,u} € T(r), r > 0, then, b = (1,...,0q) is an asymptotically consistent estimate of
the autoregressive parameters, for some A =< +/log p/T, and so = o(/T/logp),

H$ - ¢H1 =0Op (ng_l logp V sgT™* logp) =0Op (T—1/2) ’
Alternatively, if {xu} € H(D), 6 > 4, \ = O(pl/eT*(gﬂ))} 6> 4 and sy = o(TCO-D/2p=1/9)
|6-9], =0 (SSPQ%T‘(%“)Z v SOpe%T—(%“)Q) — Op (T7?).
1

REMARK 5. In Corollary 1, the order, ¢, though finite, is unknown. To address this we adopt
a sequential testing technique towards the selection of ¢, similar to Kapetanios and Psaradakis
(2016). To add flexibility to our model we allow this technique to be dependent on the generation
of {u;}. To minimize dependence on these conditions, we consider the following bound on g,
1 < ¢ < ¢*, where ¢* = |T"/?], which implies that the case of 1, ~ i.i.d. is not included in our
testing procedure. Alternatively, information criteria can also be used to determine the order

q.

2.1 A feasible penalised GLS
We start with the main theorem that provides non-asymptotic guarantees for the estimation
and prediction errors of the LASSO under a modified compatibility condition, i.e. Assumption

7, which restricts the smallest eigenvalue of the variance-covariance matrix.

THEOREM 1. We introduce non-asymptotic prediction and estimation bounds corresponding to
the solution of (4), ,@,

— 2 A2
T X (B-8)||, < 46250, @)30X + . (15)
B8], < ac3 0 ps00 + o= (16)

which hold with probability at least 1 — cpl_mgo)2 for some A < \/logp/T, if Asumption 5 i)

1s satisfied for c,Cy > 0 and c4 a large enough constant, fori=1,...,p.

9



Conversely, (15)~(16) hold with probability 1 — pc[(T?X/12C,)~T~271], for some positive
Ao = peT-GH) < A2, where N\ =< paT=GHDif Assumption 5 ii) is satisfied, with finite
constants c1,Cy > 0, and (soAg) = o(1).

Notice that the non-asymptotic bounds presented in Theorem 1 consider both cases where
{z:} and (or) {w;} have thin- or heavy-tails. In each respective case of tail behaviour, the
asymptotic order of the tuning parameter changes in order for the statements in (15)—(16) to
hold with probability approaching 1. The following Corollary is a consequence of Theorem 1,
providing asymptotic rates for the bounded processes in (15) and (16).

COROLLARY 2. Let Assumptions 1-7 hold. Then for the feasible GLS LASSO, we obtain the

following asymptotic rates:
1|~ /~ 2 R
=X (8-8)|,=0r (o2 vrT), [B-8| =Op(sorvar2), (1)

hold for p, T sufficiently large, and two cases of X and sy:

{O (x/logp/T) , 0 (\/T/ 10gp> }, if {Cei} € T(r), r >0, hold,

{0 (ﬁzﬂ%m) 0 (T"%*%) } ,if {Gait € H(O), 0 > 4, hold, )

{)‘7 30} =
where {(;;} and its properties are defined in Assumption 5.

3 Point-wise valid inference based on the (feasible) GLS LASSO

A natural avenue to inference, having obtained the estimates of 3 from (4) is to re-estimate
the parameters of the estimated active set, Sy = {i : 3, # 0}, via OLS. Formally, let Bso
be the vector whose " element equals the least square re-estimate for all i € §0 and zero
otherwise, while BSO denotes the oracle assisted least squares estimates only including the
relevant variables, those indexed by Sy. The following theorem shows that this indeed leads to
point-wise valid confidence bands for the non-zero entries of 3, i.e. those indexed by S, since

§0 = Sy asymptotically.

THEOREM 2. Let the Assumptions of Theorem 1 hold, and assume that igo = T‘lfsofgo is
wwertible for sy < p. Then we have that

VT ||(Bs, - Bs,) = (Bs, — 8s,)|

Theorem 2 illustrates that performing least squares after model selection leads to inference that

=0 (1). (19

is asymptotically equivalent to inference based on least squares only including the covariates
in Syp. However, it is important to note that such inference is of a point-wise nature and
it is not uniformly valid. This non-uniformity is visible in the confidence intervals, that could
occasionally undercover the true parameter. This remark serves as a warning in applying point-

wise inference after ¢;-regularisation, similar to the discussion in Leeb and Potscher (2005).

10



4 Uniformly valid inference based on the feasible GLS LASSO

In this section we extend the DEBIASED LASSO estimator, introduced by Van de Geer et al.
(2014) to accommodate autocorrelated errors. With mild assumptions on {x;} in place, we
devise a penalised GLS-type estimator, introduced in (4) to enable valid inference in a high-
dimensional setting. The construction of these inferential methods require solving the normal
equations. The DEBIASED GLS LASSO is then formulated as

B:B\+BGLS, (20)

~ o~ —~—/ ~~
where 3 is the GLS LASSO estimator, Bgrs = 710X (@ — Xﬁ) is its bias correction, and

A~ A~ —

© = ¥  is the approximation of the precision matrix ™' using the nodewise GLS LASSO
regressions. We define the nodewise estimator in the following section. Then, to obtain a scaled
pivotal quantity for inference we substitute ¢ into (20), such that
~ 1 A~
VT (b - 5) — —_OX'Lu+s,
VT

~ ~ ~—1
where § = VT(OX — I(,y,))(B — B) is the bias coming from the approximation of X
and the GLS LASSO estimator, and & is asymptotically negligible, while ex’ IA'/u,/ VT is an

asymptotically Gaussian quantity. These statements are formalised in Section 4.2, where we
introduce the central limit theorem (CLT') based on the DEBIASED GLS LASSO estimator.

4.1 Construction of ®

We consider the population nodewise regressions defined by the infeasible! GLS linear pro-

jections, where for each i =1,...,p
= Y o (21)
Let 71(*,0) = (72’10, ...,7%:1) be the solution of
T
7, = argmin {E Ty (- =) _h)] } : (22)
"Y ? ’
t=1

and 772 =TS E [uF;?] is the population regression error of (21). Note that by construction
of the nodewise linear projections, it holds that Efv},] = 0, for all ¢,4 and E[v},x;,] = 0, for

every k # i. We make the following assumption on the errors of (21).

ASSUMPTION 8. For everyi=1,...,p, the process {vy;} is a-mizing, with properties outlined
in Definition 1. Depending on the tail assumptions for the distribution of {v.;}, one of the two
following conditions hold, (i) Elexp(d|vi,[")] < oo, for some d,r > 0 or (ii) Efjv;;|’] < oo,
0> 4.

!The feasible GLS-based estimators are shown to be asymptotically equivalent to their infeasible GLS coun-
terparts. A detailed analysis is provided in the Supplement.

11



REMARK 6. Assumption 8 requires that the errors of the nodewise linear projections are a-
mixing processes and have bounded moments. The order of these moments is determined by
whether the error distribution is thin- or heavy-tailed; see Definition 1. By the properties of
a-mixing processes, see, for example, Theorem 14.1 of Davidson (1994) and using Assumption
3, we establish a-mixing properties for the product (v} zxjfk), for k = 1, which we use extensively
in the derivation of the asymptotic distribution of the DEBIASED GLS LASSO.

We now shift our focus to a feasible way of approximate ¥ 7!, using nodewise linear projec-

tions based on feasible transformations of the data. Foreachi =1,...,p,let 4, = (Yi1,...,%ip)
be the solution of o~ 2

arg min ‘azi—X_i’yH + 20 |7l 5

~yERP—1 2

where x; is a (T — ¢q) x 1 vector of observations and X_;a design sub-matrix, missing the "

column. Consider the approximation error, calculated by the following nodewise regressions:

N 2
and the nodewise estimator for the precision matrix, ® — M —1C, where M = diag (7, .., 72)
and 0l gl
1 Y12 0 T1p
- —Y2,1 1 e,
C = . ) . . ’
_:Y\p,l —%,2 e 1

The following assumption introduces an additional condition on the required for the debiased

central limit theorem.

ASSUMPTION 9. (i) [|O|lc = O(1); (ii) For s; = [{i # j : ©,; # 0}| the sparsity of the
precision matriz ©, and 0 > 4 s; = o(v/T/logp) V o(T = p~4).

REMARK 7. Assumption 9 (i) requires the rows of the approximate inverse to be bounded in
terms of /;-norm, which is a reasonable assumption, since the precision matrix can have sparse
entries, in high dimensional settings. Assumption 9 (ii) introduces the a requirement on the
sparse elements of each row of the precision matrix. Note that s; depends on the tail behaviour

of the data, see Assumption 3 and 8. We make use of these claims in the Supplement.

We discuss the asymptotic properties of © in the Supplement.

4.2 Feasible Debiased CLT
We explore the asymptotic normality of the DEBIASED GLS LASSO and establish uniformly

valid confidence intervals based on the theoretical results considered throughout Section 2.

THEOREM 3. Consider the linear model in (1), the GLS LASSO estimator in (4), let © be a suit-
~-1

able approximation of &, for a selection of \; < \/logp/T VpéT*(g“). Further, let Assump-

tions 1, 3, and Assumptions 4 — 9 hold, and a € RP, with ||alls =1, and p € {1,...,h}, h < p,
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we have

Vid (b-p) ~az+ds, dz-——ad®XTu~N(0.0°V), ()

3

a'd = op(1), (24)

where V = a/®'X,,0Oa, O is defined in Section 4.1, z is the bias correction of the DEBIASED
GLS LASSO, & := VT(O% = I .))(B — B), and £,, = E[(X'L'Lu)(X'L'Lu)’).
Next a’ @ﬁ;u@)a converges uniformly to the asymptotic variance of 7-/%a’ (Z — ,8) , such that

sup
ﬁv”ﬁ”OSSO

a’@ﬁ;u@a —-F [a’@Em@a]‘ =op(1),

for all @ € R?, with |la|ls = 1, and p € {1,...,h}, h < p. Following Theorem 3, we introduce

asymptotic point-wise confidence intervals for the true parameter, 5;, 1 <1 < p, given by

~ e aN1/2
Cl(a) = {bi + 2420 <T*1®'Em@) N } , (25)
such that . e aN1)2
inf P (BZ - |}% + Za/Q(/T\ (T_1®/2$u6> :|) =1—-«a
BilIBllo<so it

where ,, = T_I(X'IA)IIALU)(X’IA)/iu)’, Zas2 = @71 (1 — a/2), a is the confidence level, and
®(-) is the standard normal cumulative density function (CDF), such that

sup [P(a’BeCl(a))—(1—a)|=0(1),Vi=1,...,p (26)
BeB(s)

and &2 is a consistent estimate of the variance of @;. Thus, one can perform inference on 3;,

for some z € R, using the following form

VT (b~ )
sup sup |P <z | —®(2) =o(1). (27)
2€R B)|Bllo<s0 3\/ar ((?)’2 @)) a

Notice that Theorem 3 along with (27) show that % converges to the standard
normal distribution uniformly over 3 € B, for By, = {||B|lo < so}, for some sy = |Sp|. Then,
the joint asymptotic normality in (27) allows the construction of Wald tests, such that, for any

SC{l,....p} s =8|

Wald tests can be constructed using the delta method. Therefore, (26) and (27), are uniformly

2
—a x(s), llaf2 = V/s.
2

(a@i;u@a):” VTa! (bs - Bs)

valid.

REMARK 8. It is reasonable to consider the question of the relative efficiency of GLS LASSO
compared to the LASSO. Given that both have DEBIASED versions with associated normal
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approximations and asymptotic variances, a comparison of those variances is a valid focus.
Unfortunately the use of nodewise regressions, to approximate the precision matrix, towards
feasible inference, lead to a situation that is much more complex than the low dimensional
problem. This is primarily caused by the fact that different nodewise regressions are used for
the approximation of the precision matrix of the DEBIASED versions of the LASSO and GLS,
thus making comparisons prohibitively difficult. Therefore, we rely on our simulation study to
provide some information on the relative efficiency of the two methods. Small sample evidence
verify that DEBIASED GLS appears more efficient compared to the DEBIASED LASSO, as both

p,T" increase.

5 Selection of the optimal regularisation parameter

In this section we describe the cross validation method used to select the optimal regular-
isation coefficient required to obtain 3, 8 and ¥, defined in (3), (13) and (31) respectively.
Due to the autocorrelation present in the errors, we choose to use the hv-block cross validation
method proposed in Racine (2000), which is suitable for dependent data, instead of standard
k-fold? cross validation.

We succinctly describe how huv-block cross validation works using the time series {y;} and
{x;} from model (1) as an example, where t = 1,...,T. At a given ¢, which corresponds to a
specific validation run, the data is divided into three parts: the training set, the test set (or
validation set) and the gap. The test set, in each validation run is constructed as a contiguous
set of size 2v+ 1 that is centred at ¢. Then the gap set is obtained from removing equally 2 x h
observations from each side of the test set. This is the key difference of hv-block with k-fold
cross validation.

In Figure 1 we illustrate two cases where the test set is far away from the boundary and
very near the boundary 7. For the latter, since there are less than h observations to remove,
the gap is of smaller dimensions. Crucially, given the requirement that test sets need to be
contiguous, there is a total of T — 2v test sets that can be considered.

Then the optimal regularisation coefficient is selected as the one that minimises the following

cross validation function:

X (28)

which is the average obtained from all 7'—2wv test sets and ,é\(_t: ho) 18 estimated on each training
set. The important parameters in hv-block cross validation are A and v. Regarding h, it can
either be small as discussed in Gyorfi et al. (2013), or large, i.e. h/T € (0,1/2), as required in
Burman et al. (1994).

Different choices can also be used for v: if v = 0, then test sets are one-dimensional (this

2In previous versions of this paper we considered a k-fold cross validation method where we did not shuffle
the data within the blocks, and they were taken to be non-overlapping and consequent to each other. We find
that overall our Monte Carlo results do not change significantly, but we do observe a slight reduction in the
MSE of the estimators under hv-block cross validation.
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h 2v+1 h

train gap test gap train

train gap test gap
h 2v+1 <h

Figure 1: Example of hv-block cross-validation sample construction. The upper test set is far away
from the boundary, whereas the lower test set is near the boundary.

is the h-block cross validation scheme in Burman et al. (1994)) and a version of this cross
validation has been used in Babii et al. (2024), whereas Racine (2000) requires v to be larger
than the size of the training sample. Both of these choices however do not provide consistency
in the sense of Shao (1993), as discussed in Zheng (2019), which while important is outside the

scope of our paper.

In the spirit of k-fold cross validation and in order to reduce the computational cost of the
hv-block cross validation, we construct only K = 10 contiguous test samples, hence we choose
2v 4+ 1 = T/K. Regarding our choice for the gap, we select h = |T'/4], hence h/T ~ 1/4 €
(0,1/2), as required in Burman et al. (1994).

6 Simulation study

We use simulations to verify the theoretical properties of the proposed methodology in finite
samples. We assess the performance of our method against the DEBIASED LASSO. We generate

an array of samples from the following model
Yo = B 4y, up = dupy + ey, (29)

where x;, ¢, ~ 1.1.d. N(0, 1) and the sample sizes T' € {200, 500, 1000} and p € {100, 200, 500}.
The active set has cardinality so = |So| = 3, where Sop = {i : 8; # 0, ¢ = 1,...,p}, while
S¢={i:08;,=0, 1=s9+1,...,p}. We choose the sparsity level sy, according to the results
of Van de Geer et al. (2014), which are indicative of good performance for the DEBIASED
LASSO. Simulation results for so = 7 are relegated to the Supplement. Each of the sets, Sy, S§
assume the form: Sp = {1,2,...,s0} = {v1,...,vs}, where vy, ..., vy, is a realisation of random
draws of Sy without replacement from {1,...,p}. The parameters, §; € Sy are simulated
from the U[0, 1] distribution at each replication, while the autoregressive parameter ¢ used
for the simulation of w;, takes values ¢ = [0,0.5,0.8,0.9,0.95], where ¢ = 0 indicates that
wp ~ 1i.d. N(0,1).

We base our findings on 1000 Monte Carlo simulations of (29). Further, we test the null
hypothesis Hy : B; = 0, using the following t-statistic

S =TV —— , (30)




where, for alli =1,...,p, §Z ~ tT=1 and tT=Y the student’s-t distribution with 7'— 1 degrees
of freedom, f3;p, = 0 under the null, b; is defined in (20), Y is the sample covariance matrix,
and O its approximate inverse, defined in Section 4.1. Note that in the case where i € S,
we report the empirical power of the test based on (30). All tests are carried out at a = 5%

significance level.

Prior to the estimation of Ei, the estimate of $, and a value for the regularisation parameter
are required. In Section 2, we describe the method used for the estimation of $, along with the
testing scheme used for the selection of the optimal lag order, ¢, of the AR(q) model. Further,
we use the time-series cross-validation scheme described in Section 5, where K = 10, towards
the optimal selection of the regularisation parameter, A to obtain [/3\, [; and 4. The results are
displayed in Tables 1-2.

We further examine the performance of the LASSO, GLS LASSO, DEBIASED LASSO and DEBI-
ASED GLS LASSO estimators in terms of average root mean squared error (RMSE) throughout
1000 replications of model (29). The results are displayed in Table 1.

The first panel of Table 1 reports the ratio of the average RMSE of the LASSO estimator
over the RMSE of the GLS LASSO. The second panel of Table 1, reports the ratio of the average
RMSE of the DEBIASED LASSO estimator over the RMSE of DEBIASED GLS LASSO. Entries
larger than 1 indicate superiority of the competing model (GLS LASSO). In the parenthesis, the
reported entries correspond to the RMSE of the GLS LASSO in Panel I and the DEBIASED GLS
LASSO in Panel II.

The evidence is compelling, since both the GLS LASSO and DEBIASED GLS LASSO have,
in general, the smallest RMSE compared with their counterpart respectively. The most pro-
nounced cases of improvement are when the autocorrelation is strong, i.e. ¢ € {0.9,0.95} for
all sample sizes, where the RMSE of the proposed method is almost (and /or more) two times
smaller than the one recorded by the benchmark, LASSO. Notice that in the case of ¢ = 0, GLS
LASSO and LASSO perform equally well.

In the second panel of Table 2 we facilitate the comparison of the two methods by reporting
the size adjusted power of the test and the standard errors, as seen in (30), reported in paren-
thesis. By size-adjusted power, we mean that if the test is found to reject at a rate @ > 0.05
under the null, then the power of the test is adjusted by finding the 0.95 empirical quantile
of the statistic in (30). We then report the rate that exceeds this quantile. Alternatively, if

a < 0.05, then no adjustment is needed.

It is noticeable that when autocorrelation is present in the error term, DEBIASED LASSO
underperforms severely in terms of all measures reported. More specifically, as T" increases the
benefits of DEBIASED GLS LASSO are more clear, the size adjusted power reported for our
method is approaching the desirable rate of 0.95, while for the DEBIASED LASSO there are
noticeable deviations from the nominal rate. Further, the standard errors of the GLS LASSO
appear significantly smaller, indicative of narrower confidence intervals, therefore efficient es-
timation. On the other hand, LASSO reports standard errors almost twice the as much as the

proposed estimator, coupled with the large deviations from 95% in terms of size-adjusted power

16



reported, LASSO appears inefficient as ¢ approaches 0.9. The latter becomes severe for higher
serial autocorrelation reported, e.g. ¢ = [0.8,0.9] and more profoundly when ¢ = 0.95. In Table

3 we evaluate the following performance measures across 1000 replications of model (29):

AvgCov = ! Z P(B; € CL;), AvgLength = EZ length (CI;), (31)
“ics % ies

where z = 509, S = Sy when 3; € Sy, z =p — 59, S =55, when 3, € S5, Vi=1,...,pand CI;
is a two-sided confidence interval for either f5; € Sy or f; € S§, denoted in (25). The findings
of Table 3 can be summarised as follows: For the case of ¢ = 0, both performance measures
for DEBIASED LASSO and DEBIASED GLS LASSO are closely related, and as p,T increase, the
two methods report narrow confidence intervals with high average coverage rate (that in many
instances approaches 95%), as our theoretical findings suggest. In cases where ¢ > 0, we observe
that the average coverage rate, of both methods, remains equivalently high in Sy and S§, where
the DEBIASED LASSO reports higher average coverage rates compared to the DEBIASED GLS
LASSO in certain cases. However, emphasis should be placed on the average confidence interval
length. Specifically, the average length of the DEBIASED LASSO estimator increases sharply as
¢ increases, indicative of inefficient estimation. Contrary to the former, DEBIASED GLS LASSO
reports stable and narrow interval lengths as ¢ increases, which decreases significantly as T

increases, which is in line with the findings of Table 2.

Table 1: Relative to GLS LASsO average RMSE, |Sy| = 3. The values in the parenthesis report the
average RMSE of GLS LASSO

Panel T
p/T 200 500 1000

¢ 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
LASSO/GLS LASSO 100 0.995 1.251 2.006 2.728 3.436 0.998 1.291 1.932 2631 3.723 0.999 1316 2290 2934 3.942
GLS LASSO (0.03) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01)
LASSO/GLS LASSO 200 1.003 1.270 2.124 2716 3.353 0.999 1.283 1.956 2835 3.724 0.999 1.317 2175 2610 3.811
GLS LASSO (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
LASSO/ GLS LASSO 500 0.996 1.300 2.089 2.675 3.455 1.000 1.247 2172 3.154 3.681 1.000 1.313 1.898 2.639 3.821
GLS LASSO (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
Panel 1T

DEBIASED GLS 100 100 1.29 207 283 368 1.00 1.29 211 297 405 1.00 1.30 213 3.04 4.25
DEBIASED GLS (0.07) (0.06) (0.05) (0.05) (0.05) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02) (0.02)
DEBIASED LASSO/ DEBIASED GLS 200  1.01 130 208 289 37 1.00 130 213 298 4.07 1.00 1.30 214 3.06 4.23
DEBIASED GLS (0.07) (0.06) (0.05) (0.05) (0.05) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02) (0.02)
LASSO/ DEBIASED GLS 500 1.01 128 210 293 369 1.00 1.32 213 295 409 100 131 219 310 423
DEBIASED GLS (0.06) (0.05) (0.05) (0.05) (0.05) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02) (0.02)

In Figure 2 we graph the absolute bias of GLS LASSO, defined in (16) and (15) respectively,
of LASSO, defined in (13) and (14), and of the sub-optimal GLS Lasso considering a A, in the
preliminary estimate ,[; which maximizes rather than minimising the following test-loss function
w.r.t. the regularisation parameter, \, for sample sizes T" = [500,1000], p = [100, 200, 500]
and u; = 0.9u;_1 + ;. Notice that the absolute bias for the GLS LASSO are bounded from
below as Theorem 1 indicates, while a lower bound for the LASSO is provided in Lemma 1. In
empirical problems, cross-validation does not always yield an optimal selection of A\, because
one has to select between true model recovery (interpretable model) and a parsimonious (highly
regularised) model. The latter can potentially be an issue because the selection of A\ controls

the lower bound of both the prediction and estimation error, see, for example, (15)-(16). To
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Table 2: Average Size-adjusted power, for |Sy| = 3, the reported values in the parenthesis indicate the

o 1)2
standard errors of each debiased estimator, 52 [(@E@)iﬂ;} , reported as (s.e.)

Size adjusted power and standard errors

p/T 200 500 1000
® 0 05 08 09 095 0 05 08 09 095 0 05 08 09 095
GLS LASSO 100 084 085 087 087 08 090 091 092 092 093 092 094 094 094 095
(s.e.) (0.07) (0.06) (0.06) (0.06) (0.06) (0.04) (0.04) (0.04) (0.03) (0.04) (0.03) (0.03) (0.02) (0.02) (0.02)
LASSO 084 081 071 066 057 090 087 083 077 071 092 092 089 084 0.79
(s.e.) (0.07) (0.08) (0.11) (0.15) (0.20) (0.04) (0.05) (0.07) (0.10) (0.14) (0.03) (0.04) (0.05) (0.07) (0.10)
GLS LASSO 200 085 087 089 089 090 091 092 093 094 094 094 095 096 096 0.96
(s.e.) (0.07) (0.06) (0.06) (0.06) (0.06) (0.04) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.02) (0.02) (0.02)
LASSO 085 08 076 069 061 092 089 085 080 073 094 093 090 086 0.79
(se.) (0.07) (0.08) (0.11) (0.15) (0.20) (0.04) (0.05) (0.07) (0.10) (0.14) (0.03) (0.04) (0.05) (0.07) (0.10)
GLS LASSO 500 0.85 0.86 0.88 089 088 091 092 093 093 093 093 094 095 095 0.95
(s.e.) (0.07) (0.07) (0.06) (0.06) (0.06) (0.04) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.02) (0.02) (0.03)
LASSO 085 0.8 077 070 059 091 090 085 080 074 093 093 090 085 0.80
(s.e.) (0.07) (0.08) (0.12) (0.15) (0.20) (0.04) (0.05) (0.07) (0.10) (0.13) (0.03) (0.04) (0.05) (0.07) (0.10)

Table 3: Average coverage Rates, and lengths of CI of the debiased estimators, for |Sy| = 3.

p/T 200 500 1000
) 0 0.5 0.8 0.9 095 0 0.5 0.8 09 09 0 0.5 0.8 0.9 0.95
DEBIASED LASSO  AvgCov S, 100 0912 0.915 0.924 0.934 0943 0.928 0.930 0.938 0.943 0.943 0.926 0.928 0.936 0.941 0.941
AvgCov S§ 0.954 0.955 0.955 0.954 0.952 0.953 0.953 0.953 0.953 0.953 0.951 0.952 0.952 0.952 0.952
AvgLength 0.277 0.316 0.446 0.592 0.770 0.175 0.201 0.288 0.391 0.531 0.124 0.143 0.205 0.280 0.385
AvgLength® 0.277 0.316 0.446 0.592 0.769 0.175 0.201 0.288 0.391 0.531 0.124 0.143 0.205 0.280 0.385
DEBIASED GLS AvgCov Sy 0.907 0.903 0.898 0.908 0.917 0.925 0.923 0917 0918 0.926 0.926 0.919 0.913 0.917 0.920
AvgCov S§ 0.953 0.956 0.959 0.962 0.967 0.952 0.954 0.954 0.956 0.963 0.951 0.953 0.953 0.955 0.959
AvgLength 0.275 0.250 0.224 0.224 0.233 0.175 0.157 0.138 0.135 0.139 0.124 0.111 0.097 0.094 0.094
AvgLength® 0.275 0.250 0.223 0.224 0.232 0.175 0.157 0.138 0.134 0.139 0.124 0.111 0.097 0.094 0.094
DEBIASED LASSO  AvgCov S, 200 0.911 0.917 0.926 0.936 0.941 0.926 0.928 0.937 0.936 0.944 0.925 0.931 0.942 0.948 0.945
AvgCov S§ 0.963 0.962 0.962 0.959 0.957 0.956 0.955 0.955 0.956 0.954 0.953 0.953 0.952 0.953 0.953
AvgLength 0.279 0.319 0.449 0.594 0.772 0.176 0.202 0.289 0.391 0.530 0.124 0.143 0.205 0.280 0.385
AvgLength® 0.279 0.319 0.448 0.594 0.772 0.176 0.202 0.288 0.391 0.530 0.124 0.143 0.205 0.280 0.385
DEBIASED GLS AvgCov Sy 0.907 0.893 0.890 0.896 0.905 0.923 0.917 0.911 0.914 0.927 0.923 0.926 0.921 0.919 0.927
AvgCov S§ 0.962 0.965 0.970 0.972 0.975 0.955 0.957 0.958 0.963 0.968 0.952 0.954 0.956 0.957 0.963
AvgLength 0.277 0252 0.229 0.229 0.237 0.175 0.158 0.139 0.138 0.143 0.124 0.111 0.098 0.094 0.096
AvgLength® 0.277 0.251 0.228 0.228 0.237 0.175 0.158 0.139 0.138 0.142 0.124 0.111 0.098 0.094 0.096
DEBIASED LASSO  AvgCov S; 500 0.896 0.906 0.923 0.928 0.931 0.917 0.928 0.930 0.936 0.939 0.926 0.927 0.941 0.945 0.943
AvgCov S§ 0974 0974 0.971 0.967 0.965 0.963 0.961 0.963 0.962 0.958 0.958 0.958 0.955 0.957 0.956
AvgLength 0.282 0.322 0.452 0.597 0.775 0.176 0.203 0.289 0.390 0.527 0.124 0.143 0.206 0.281 0.385
AvgLength® 0.282 0.322 0.452 0.597 0.775 0.176 0.203 0.289 0.390 0.527 0.124 0.143 0.206 0.281 0.385
DEBIASED GLS AvgCov Sy 0.887 0.883 0.872 0.881 0.900 0.914 0.911 0.903 0.905 0.913 0.928 0.917 0.908 0.909 0.922
AvgCov S§ 0.974 0976 0.979 0.981 0.983 0.962 0.964 0.966 0.972 0.974 0.958 0.960 0.960 0.964 0.970
AvgLength 0.280 0.257 0.236 0.237 0.250 0.176 0.159 0.140 0.142 0.145 0.124 0.112 0.098 0.096 0.100
AvgLength® 0.280 0.257 0.237 0.236 0.249 0.176 0.159 0.140 0.142 0.145 0.124 0.112 0.098 0.096 0.100

that end, GLS LASSO provides an asymptotic guarantee that even when the selection of \ is
sub-optimal, GLS LASSO is preferable to using LASSO. Indicative cases of such behaviour are
T = 1000, p € {100,200}, and T = 500, p € {200,500}. Furthermore, in the remaining sets of
cases, of a sub-optimal selection of A\, GLS LASSO still reports smaller errors than LASSO but
by a smaller margin. It is useful to note that as A increases, the parameter estimation both
by using GLS LASSO or LASSO become almost equivalent, indicative of s5 = 0. The latter is
expected, for values of A — Hf?j/THOO

In Figure 3 we graph the density estimates of /T (3 — B) corresponding to DEBIASED GLS
LASSO starting from the left panel, the second panel corresponds to DEBIASED LASSO and
the third panel illustrates the quantile-quantile (QQ) plots of the aforementioned. Figure 3

corresponds to the case where the sample size is the largest, i.e. T'= 1000 and the number of
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Figure 2: Estimation loss, HB — B|l1. Optimal GLS corresponds the GLS LASSO defined in (4) when
the preliminary LASSO estimator, 5 in (11) is obtained according to the optimal selection of the
regularisation parameter via the cross-validation scheme highlighted in Section 5, while Sub-optimal
GLS corresponds the GLS LASSO as in (4) when the preliminary LASSO estimator, 3 is not obtained
according to the maximisation of the CV loss, see e.g. (28). Further, Optimal Lasso corresponds to
(11) selecting the optimal A through the cross-validation scheme highlighted in Section 5, and Ao
corresponds to the optimal selection of A for each of the methods.

regressors is p = 500 for all ¢ = [0,0.5,0.8,0.9,0.95]. A full set of graphs, for all the cases of

the experimental design considered in this section, is available upon request.

In the first row of graphs in Figure 3 where ¢ = 0.9, it is observed that extreme dependence
between u; and u,_; is related to overdispersion of the distribution of v/T (/l;— B3), corresponding
to the DEBIASED LASSO estimator, while in the same case, departures from the standard normal
are observed, with the empirical data showing evidence of heavy tails. On the contrary, the
empirical distribution of the DEBIASED GLS LASSO estimator is closer to the Standard Normal,
as it is indicative from the QQ-plot of the same row. However, this effect fades as ¢ takes
values closer to 0, indicative of the case where u; ~ 1.i.d.AN(0,1). In the first row of Figure 3,
DEBIASED LASSO appears slightly skewed left with heavy tails to persist indicative of departures
from the standard normal distribution, while DEBIASED GLS LASSO appears to approach the
standard normal distribution, similar behaviour for both methods is reported in the third row.
Finally, in the case where ¢ = 0 the two methods coincide supporting the evidence in Tables 2
and 3.

7 Forecasting Example

In this section we explore the practical applicability of the proposed methodology. Hence,
our primary interest is to examine whether the GLSLASSO method outperforms in forecasting

ability terms the standard LASSO estimator, and to what extent. More generally, we use this
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Figure 3: Histogram and QQ-plot of /T (6 — ), where b corresponds to the DEBIASED GLS LASSO
estimator defined in (20), in the first column of Figure 3 and to the DEBIASED LASSO estimator in the
second column of Figure 3, for the case of T'= 1000, p = 500 and all cases of ¢ and degree of sparsity
S0 = 3.

empirical example to assess whether high-dimensional forecasting methods that ignore serial
error auto-correlation, report, on average, inferior forecasting ability. Our application overall
consists of forecasting US industrial production using a large set of macroeconomic variables.

We use the FRED-MD dataset?, a large collection of monthly macroeconomic data, updated
in real-time and reported at different vintages. This dataset is widely used in macro-econometric

applications, where the focus is forecasting with high-dimensional methods. We follow Fan et al.

3The dataset is available here https://research.stlouisfed.org/econ/mccracken /fred-databases/; for further
details see McCracken and Ng (2016)
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(2023) and use the series reported in the August 2022 vintage. Our sample extends from January
1960 to December 2019 (720 observations) and we use only those series that have observations
in the above time span (122 variables). To proceed with our forecasting exercise, we use the

transformations in McCracken and Ng (2016) to make all variables stationary.

In order to examine both the gains of exploring all relevant information in the dataset and
also the potential impact of serial error auto-correlation, we construct one-step ahead forecasts
for the first-order difference of the logarithm of the monthly industrial production index (IP,

growth rate): yip ;.

We compare the proposed GLS LASSO method with four different models, that are commonly
used in high-dimensional applications: LASSO; Autoregressive Distributed Lag Models (ARDL
(q, r)) models, an autoregressive model (AR(q); typically used as the most parsimonious model)
and finally, a factor augmented autoregressive model (FA-AR (¢)). A detailed description of the

models considered is relegated to the Supplement.

The forecasts are based on a rolling-window recursive out-of-the-sample exercise, where the
window is of a fixed length of 480 observations, starting in January 1960. Therefore, the one-
step ahead forecasts start on January 1990 and the last one is obtained in January 2020, for
a total of 240 one-step ahead forecasts. Note that the AR(¢g) model only considers information
concerning the own past of the variable of interest. Contrary to the latter, LASSO uses a sparse
combination of the set of variables, GLS LASSO in addition to a sparse combination of the set
of variables, uses the fit of an approximated AR(q) model on the estimated residuals. ARDL
(q,7), ¢ = r = 1,2,3 augments both the set of variables and the variable of interest with
one, two and three lags respectively, and similarly to LASSO, it utilises a sparse combination
of the augmented set. Finally, FA-AR(q) utilises a reduced representation of (y;p;, ;) through
principal components, in addition to information concerning the own past of the variable of

interest.

In Figure 3 we report the ratios of expanding root mean squared forecasting errors (RMSFE)
of the GLS LASSO model against the expanding RMSFE of the competing methods over the

forecasting period, computed as:

2
RMFSE; = \/j—%SO ; (yIP,jH - 37;1123‘+1lj) , TRMFSE; = %S]SEEI{LS,
where j = 481,...,720 and k£ = 2,3,4,5 the number of competing models considered. Several
conclusions emerge from the plot. First, the GLS LASSO is, in general, superior in terms of fore-
casting ability across the different competing methods. Specifically, GLS LASSO over-performs
considerably ARDL (1, 1), ARDL (2, 2) and by the largest margin ARDL (3, 3) across the majority
of the periods, with some exceptions, where ARDL methods appear to over-perform GLS LASSO
in the initial periods of estimation and the years preceding the financial crisis of 2008. This
can be a surprising finding given that both methods consider approximation of the autocorre-
lation structure in the residuals and given the efficiency of ARDL models in low dimensions, see

Baillie et al. (2022), for an excellent discussion. In our high-dimensional example, the above
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Figure 4: The upper panel of this Figure presents the relative RMFSE and the lower part presents the
expanding RMFSEg, where k is indicative of model number.

finding can be potentially explained from the significant increase in dimensionality an ARDL
(g, ) model requires; a dimensionality increase from p to (¢ X p) + r. A proper examination
of the two methods in high-dimensions would be of great merit, especially given the increased

interest in high-dimensional methods for time series. We leave this for future work.

Further, we find that GLS LASSO outperforms both the FA-AR(g), and AR(¢) models in
the majority of the periods. At the initial forecasting period we find that the forecasting
performance of FA-AR(q), and AR(q) is dominated by the other models. We further find that
in periods of financial crisis such as in 2008, GLS LASSO slightly under-performs compared to
the AR(q) and methods such as ARDL, potentially, because direct additions of lags from the
dependent variable capture the idiosyncrasies of the periods more efficiently, and for the case of
ARDL, albeit the extra cost of increased dimensionality. The inclusion of an unobserved factor

appears to provide some forecasting benefit in the period directly after the global financial
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crisis and for a limited time only.

Lastly, we find that GLS LASSO performs better than the LASSO in the majority of periods
excluding the period from 2006 up to 2009 that includes the global financial crisis. At this
stage we emphasize that our primary interest in this empirical example was to verify that the
efficiency gains observed from our results in Section 6, also translate to an increased forecasting
ability.

In Table 4, we further consider the average RMSFE across periods:

720

1 k) \?
RMSFEk = m Z <yIP,t+1 - y[p7t+1|t> ’
=481
where kK =1, ..., 5 indicates the model which was used to forecast @\I(IIZ)T T We find that across

the whole forecasting period, GLS LASSO outperforms all other alternative models.

GLS/ LASSO ARDL(1,1) ARDL(2, 2) ARDL (3,3) AR(¢) FA-AR(q)
0.0062 0.983 0.954 0.931 0.923 0.987  0.988

Table 4: This Table reports the ratios of the average RMSFE of the GLS LASSO model against the
average RMSFE of the other models produced across the forecasting period. The left cell reports the
average RMSFE of the GLS LASsO. Entries (< 1) indicate better forecasting ability of GLS LASSO.

In summary our results and the previous discussion suggest that first GLS LASSO indeed
outperforms the standard LASSO in the majority of the period examined and more generally,

that, ignoring serial error correlation can have a negative impact in the precision of forecasting.

8 Discussion

This paper provides a complete inferential methodology for high dimensional linear re-
gressions with serially correlated error terms. We propose GLS-type of estimators in the high-
dimensional framework, derive a DEBIASED GLS LASSO estimator, and establish its asymptotic
normality. Theoretical results lead to valid confidence intervals regardless of the dimensionality
of the parameters and the degree of autocorrelation, under stationarity of the error and covari-
ate processes. We derive non-asymptotic bounds using Bernstein-type of inequalities derived
in Dendramis et al. (2021), allowing for a degree of flexibility in our model compared to what
classical assumptions typically allow. Finally, our method explores the underlying structure
of the process in the error term, introducing a flexible way of dealing with autocorrelation in
high-dimensional models, without a prior knowledge of neither its existence nor its structure.
We support this statement both theoretically and with our simulation results, where we show
that even when autocorrelation is absent the DEBIASED LASSO and DEBIASED GLS LASSO are
asymptotically equivalent.

There are a number of interesting avenues for future work. For example, a natural extension
would be to generalise our method using not only ¢;-regularised models or ¢y (e.g. Zhang and

Politis (2023)), but a combination of the two, e.g. the elastic net, covering a wider class of
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penalised models. Further, since our assumptions allow for a wide class of dependent stochastic
processes, one could consider heteroskedastic error processes, see, for example, the framework

in Chronopoulos et al. (2022), where
ut:htet, tzl,...,T, (32)
where h; is a persistent scaling factor, smoothly varying in time, while ¢, ~ 7.7.d.
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This Supplement provides proofs of the theoretical results given in the text of the main
paper. It is organised as follows: Section A provides proofs of Lemma 1, Corollary 1, Theorem
1 and Corollary 2 of the main paper. Section B provides the proofs of Theorem 2 and Theorem
3 of the main paper. Section C provides auxiliary technical lemmas and D provides proofs of
auxiliary technical lemmas. Section E contains supplementary simulation material. Section F
contains supplementary material to Section 7 of the main paper.

Formula numbering in this supplement includes the section number, e.g. (8.1), and references
to lemmas are signified as “Lemma 8.#" “Lemma 9.#", e.g. Lemma 8.1. Formula numbering
in the Notation section is signified with the letter N.#, e.g. (N.1). Theorem references to the
main paper are signified, e.g. as Theorem 1, while equation references are signified as, e.g. (1).

In the proofs, C, d, e stand for generic positive constants which may assume different values

in different contexts.

Notation

For any vector € R", we denote the £,-, £,.- and £p- norms, as ||z||, = (3 i, |2:[P)"7, || ||oe =
max;—1, n |z;| and ||x|lo = "1, L(z0) = supp(x), respectively. Throughout this supplement,
R denotes the set of real numbers. We denote the cardinality of a set Sy by so = [Sp|, while
S§ denotes its complement. For any & € R”, sign(x) denotes the sign function applied to each
component of @, where sign(x) = 0if z = 0. We use "—p" to denote convergence in probability.
For two deterministic sequences a,, and b,, we define asymptotic proportionality, "<", by writing
a, = b,, if there exist constants 0 < a; < ay such that a1b, < a, < asb, for all n > 1. For
a real number a, |a| denotes the largest integer no greater than a. For a symmetric matrix

B, we denote its minimum and maximum eigenvalues by A, (B) and A (B) respectively.
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For a general (not necessarily square) n x m matrix B = (b;;), || Bl1, [|Bl/r, | Bl are its
l1-, {p-, {s-norm respectively. In particular, |Bl|; = max; Y., |by|, |Bllr = [tr(BB)]Y2,
|Bloc = max; ), [bi| and tr(B)= "7, b;;. We further write that, B is the LASSO estimator
obtained from the solution of (11) in the main paper, 3 is the GLS LASSO estimator obtained
from the solution of (4), given some estimates of the autoregressive parameters $ = ((El, o ngﬁq)’

and 3 is a p x 1 parameter vector containing the true parameters.

—~

We define ¢, = x; — 23:1 (ijt_j, and its matrix counterpart, X = iX, where L is a
(T — q) x T matrix defined as:

~ o~

— &, _aq_l e =y 1 e 00 3
T ~ ~ 1

7 A D RS DO
0 0 0 .. —ng —?#iH e =y 1 Pq

Further, following the same argument that we used to define IA}, we define L, a (T'—q) x T
matrix, with g/b\j replaced by ¢;, denoting the autoregressive parameters, V. j =1,...,¢. As a

consequence, we define X* = LX.

A Proofs of Lemma 1, Corollary 1 & 2, and Theorem 1 of the main
paper

This section contains the proofs of the results of Section 2 of the main paper.

Proof of Lemma 1

In Lemma 1 we analyse the asymptotic properties of the LASSO estimator under mixing
assumptions, e.g. Assumption 1 and offer non-asymptotic bounds for the empirical process and
prediction errors, as seen in (13)—(14) of the main paper. Re-arranging the basic inequality, as

in Lemma 6.1 of Bithlmann and Van De Geer (2011), we obtain

2

< 2w X (B )+ A18] - 1B (A1)

%HX@_ﬁ) T

The "empirical process" part of the right hand side of (A.1), 2u'X (B — ﬂ) /T, can be bounded

further in terms of the ¢;-norm, such that,

Ly, 2 2 ! 2
- ~-B8)<Z ~ Al . .
7 X (B-8)| < 5wl |-, (42)
The regularisation parameter A is chosen such that 2 [[v'X|| /7 < A. Hence, we introduce the
event o
£ = {Tl v/ X, < 7}, (A.3)
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which needs to hold with high probability, where Ay < A/2. We proceed to illustrate the former.
Define 9;; = {z¢u:}, using the identity P(€¢) =1 — P(€) and the union bound we obtain

T
. AO\/T
P(S):l_ (maX Z¢tz_Ewtz S_)<ZP< Zl @Dn 9 )
Notice that {¢;} is a-mixing as a product of two a-mixing sequences, V j = 1,...,¢, 1 =

1,...,p. Then by direct application of Lemma 1 of Dendramis et al. (2021), we obtain the
following results for two cases of probability tails:
Case 1: The process ¢y; € T(r), r > 0, then for A = \/logp/T we have

oS- anf 22 oo (2

¢
T'log (p)
+ —eg 2 = A, + Ay,

exp( . 4log® T ! ?

Z¢tz_ wtz

(A.4)

for some ¢y, c3, ¢ > 0. It is sufficient to bound A;, then for a proper selection of ¢, > 0, we
have that (cp/2)? > 1+¢, € > 0, and ¢ > 0 we have that

A =peep (‘62 (ff?ﬁ)) A Ce ) EL A

l

Case 2: The process ¢; € H(#), 6 > 4, then for \g = we have

( +1)

B 2 -0
AOf) <pc |exp | —c3 <\/T>\O) + (AO\/T> 731

T

Z 77Z)tz

=1

4 2

(77

< pc
=P 5

20 =0,

—0
)\O\/T> T_Q_l

at a slower rate than A;. Let Assumptions 1-3 hold, then Theorem 6.1 of Bithlmann and Van
De Geer (2011) implies

HX (Za - B) z < 4X25005 2, HB - ﬁHl < 4Asod; 7,

with probability approaching 1 at different rates, depending on the probability tail case (Case
So,@’E(Tﬁl ZtT:1 wtm;)ﬂ D

1 or Case 2), for a compatibility constant ¢ > TNk
50111

Proof of Corollary 1

In Corollary 1 we provide an asymptotic rate of convergence for the error between the

estimated autoregressive parameters, $ utilising ,[; and the true autoregressive parameters, ¢.

3



First we define the following

uq uqil oo Uq
u u PR u
/ q+1 q 2
v = (Ugs1,-..,ur), U= ' ' ' ' , (A.6)
Ur-1 Ur—2 -+ Ur—q

where w is a (T — ) x 1 vector and U is a (T — ¢) x ¢ design matrix. Note that ¢ = (1, . .. ,&Zq)'

denotes the OLS estimate of the regression coefficients in the following regression:
u=Ud+e, (A.7)

where € = (e1,...,e7_,)’, follows Assumption 1 and ¢ < oo. Similarly to (A.6), we define u
and ﬁ, and consider $ = (ggl, . &Eq)’, the OLS estimates of an AR(q) regression, using (u, ﬁ)
instead of (u,U) and q/g instead of q§ Then, we can write that

b= (ﬁ'ﬁ)_l U4, ¢=UU) " 'Uu, ¢=E [(U'U)‘1 U’u} , (A.8)
and
7= (a-04) (a-09), #=(u-Ud) (u-Ud),
o = F [(u-U) (u—U)].

Notice that H$ — qu = H$ — $H + H$ — qu . We are interested to show that the following
1 1 1
holds

HqE - ¢H1 = Op (2A2V 50\?) . (A.9)
To show (A.9), it is sufficient to show that

H$—¢N>H1+‘$—¢H1=Op (s5A%) 4+ Op (s0X?) (A.10)

T75% 5 0%, T7'& - o (A.11)

Proof of (A.10). To prove the first two statements in (A.10) it is sufficient to show that

T
T_l ( Z (ﬂt_jﬂt — U,t_jut)> = OP (Sg)\2 V SQ)\Q) s (A12)

t=j+1
T
T! < Z (uy_; — ufﬂ) = Op (sgA* V 500%) . (A.13)
t=j+1
Proof of (A.12). (A.12) is bounded by s1 + s3 + s3, where

T

s1=T"" > (U —w) (e — wy), (A.14)

t=j+1



T
T Z — ut Up— —js S3 — T_1 Z Ut (at_j — Ut_j> . (A15)

t=j+1 t=j+1

Notice that u; = uy + @} <B — ,6), and by Assumptions 1-3, {x;}, {u:} are stationary, ergodic
and mutually uncorrelated, a-mixing series. By Assumptions 1-4 and by using the exponential

inequalities in Theorem 1 of Dendramis et al. (2021), the following hold

Z CU +tLt— j = Op Z ULt — j = OP Z LUy —j = OP()\),
t j4+1 t j4+1 t j+1
(A.16)
where j = 1,...,q. Further, by Lemma 1, we have that
|B-8] =0rson). (A17)

Then by the Cauchy-Schwartz inequality and substituting (A.16) and (A.17) in (A.12), we

obtain

s; < ||T71 Z TLTj HB ,BH )\2)
t= ]+1

sy < || T Z T HB BH P (s0A?) .
t=j+1

Similarly, s3 is bounded using the same arguments with sy, which completes the proof of the
first part of (A.10). In view of the results in (A.12) — (A.13) and the analysis in [8.3.17]- [8.3.19]
of Hamilton (1994), we can conclude that the second part of (A.10) holds.

Proof of (A.13). Using (A.16)—(A.17), obtain

T
~ 2
r 5 6 <o S | (ool [ 5 | (3ol
t=j+1 t=j+1 i1 .

== OP (80)\2 vV 83/\2) s (A18)

where A satisfies Assumption 6. Together with (A.12)-(A.13), we obtain
H&;—CZH = Op (50A* V s5A%) . (A.19)

1

Proof of (A.11). The convergence of both statements in (A.11) follows directly from the defi-
nitions of 62 and o2 through statements (A.12), (A.13) and the definitions of &, ¢, and @.

Following a similar analysis to show the first statement of (A.10), one can show that |¢ —
@l = Op (s20?) + Op (s0\?) . Together with (A.10) and (A.11), we obtain

H$ — ¢H1 =0Op (38)\2 Vv 50)\2) .



Further, in Case 1: (u,_j@, ;) € T(r),r > 0, A = O(y/logp/T), for s = o(V'T/logp),
16 — @l = Op (3T ogp V 59T log p) = Op(T~Y2).

In Case 2: (u_jz;_;) € H(0),0 >4, X\ = O(pa TGV, for so = o(TO=V/2p=5)

L

Ié — ¢l = Op (s%pe%T‘(g“)2 V 59 p#? T‘(g“)Q) = Op(T™'?). O

Proof of Theorem 1

In this Theorem, we illustrate that the feasible GLS LASSO estimator, attains similar non-
asymptotic bounds to the LASSO, both in terms of prediction and estimation errors. The proof
follows closely the steps in Chapter 6 of Bithlmann and Van De Geer (2011). We consider the
feasible GLS corrected model:

~ ~/ ~
Yy = x, B+, where

q q q
gt:yt_z(ﬁjytfj’ 5t:$t—z¢jwtﬁ', é\tzut_z(ﬁjutfja t=q+1,....T,

j=1 j=1 J=1
where ggj is the OLS estimate obtained from an AR(q) regression on the residuals @;, where
Uy = Yy — mfﬁ, 5 the solution to the original LASSO problem, using (y, X). Re-arranging the

basic inequality, as in Lemma 6.1 of Bithlmann and Van De Geer (2011), we obtain

X (B-8)[, < 72X (5-8) + (Il - 15]L). (A20)

Define 28’ X (B — ,6) /T as the "empirical process". Notice that the latter can be bounded

further in terms of the ¢;-norm, such that,

1

T

(A.21)

% (5-5) < 3 e[ 55,

The regularisation parameter, A is chosen such that 71

E’;XVH < \. Hence, we introduce the
oo

following event _ . A\
£ .= {T‘l E’XH < 30} (A.22)

which needs to hold with high probability. Further, recall under Assumption 5, A\ = +/log p/T
or Ao = psT~(2+Y depending on the tail behaviour of {z;} and {e,}, and Ay < A\/2. We use

the vector representation of the process X , and proceed with the following steps:

2 e~ o (4
725 (A-8) -

SIS
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=
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=
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(CBt q iU g+5t$t+$tz¢yut g) (B—ﬁ>_

=1 7=1

q

2 . _ AR T
T [Z (mt,z‘ Z OjU—j + €44 + Ty Z ¢jut_j>
J=1 j=1 |

&

tzZﬁbgUt —j +5t$m+$tzz¢gut j]

7=1

<1 (A2

Using the identity P(£°) = 1 — P(€) and the union bound, we get

5

> %)} = (I)+ (II) + (ITI). (A.26)

T

SEH%M

Z%zZ%W -+ Z&Itz + thzz¢jut ]]
Zﬂft,i Z <$] - ¢j> Ut—j
j=1
1

Ao 1
20 pPl=
~ ) " (T
q
We proceed to analyse each term. Define {z,;} = {x; > !

T
SN b (% qu) Ui
=1 w—;} which is a p-dimensional,

t=1 j=1
zero-mean, stationary and ergodic a-mixing series, as a product of two a-mixing series by
Assumptions 1-3 and using Theorem 14.1 of Davidson (1994), with properties similar to the
ones in Assumption 3, for (/) and i = 1,...,p, we have:

q

ZP( Zwtlz(qﬁ] @)ut,j >%>
S;P<%Z%i_E(Ztvi) >)\%\C/YT>+P<

Viogp
§;P<\/_sz— (zt4)] > cC >+0(1).

Case 1: The process (;; € T(r), r > 0, then

Viogp log p Viogp \*
ZPQ sz—E(Zt,z‘) > 6C < pc § €Xp ~C2e + exp —C3m

q

Z@j—%’) >C

=1




== [1 + IQ, (A27)

where by Lemma 1 of Dendramis et al. (2021) to obtain (A.27). It is then sufficient to bound
Ili

log p 1— (22

I = pcexp | —c =c (3602)7 A28
| = pcexp ( 23602> D (A.28)
for some large enough constant, ¢ > 0, and positive constants, ¢, C'. For ¢t = 1, ..., p, we have,

6C

1
ZP<|\/—ZZM— Zt,i

. vlogp) < oph (5 = o (41 (520

Case 2: The process (;; € H(0), 6 > 4, then

ZP ('\/1_22“ — E(z)| > A%f) <cp (AOG\C/YT> 751 50 (A.29)

We proceed to analyse (I7). Define {v;} = {@:e;}, then by Assumption 5, Theorem 14.1 of
Davidson (1994) and by using the results of Lemma 1 of Dendramis et al. (2021), the probability
inequalities for {v;} follow similarly to (A.27)—(A.29), for both cases of v;; € T(r), r > 0 or
v € H(D), 0 > 4.

To analyse (111), recall that {2321 ¢ jus;} is a-mixing as a product of two a-mixing
series, by Theorem 14.1 of Davidson (1994), then define {¢,} = {D> I_, z:ju:;}, {m,} =
{Zg‘:l ijmt—jut_j}. Then:

Ao
> i
6 )

—_

N =
IMH

[}

—_

~+

—_

T
thz Ctz

t=1

b-6)

Ao
~ 126,

>01> :Bl><B2—|—Bg+B4.

[
ML) ol [CETARRICEA TN
F g 1200> P (

t=1 j=1
t2
an ntz
q
+p( >00> (

T q
1 ~ ~
3 (E59) SRR CRPH P
[(gj - gb]) Lt—j,i (ggj - ¢J> Ug—j + gbjxt—j,i <$J - ¢]> ut—j}
T
Note that (1) results by direct application of Lemma A.11, equation (B.60) of Chudik et al.

t=1 j=1
-y
i =1 j=
Ao
> J—
ZZ ¢]xt —7,8 (&5] - ¢]> ut—j:|
7=1
(2018). Notice that by implication of Corollary 1 Bs = o(1), By = o(1), By and By follow

J=1

(A.30)

8



similar line of arguments with term (I) of (A.26), specifically:
Case 1: The process ¢;; € T(r), > 0, then

BlSZi:P<

T
T2 "G — E(Ga)]
t=1

> T1/2A0/12CO) < pc (exp(—cl(Tl/z)\o/HC’o)“)

+exp(—ca((T?Xo/12C,) T * log 2> T)))

< eplme/uCR) _y o (A.31)
=2

where ¢, ¢y, Cy > 0, for a large enough p.
Case 2: The process (;; € H(0), 0 > 4, then

Blgzijp<

T
T2 "G — E(Ga)]
t=1

> T1/2>\0/1200> < pe(TY?X0/12Co) T3 — 0,
(A.32)

at a slower rate than in Case 1. For B, the analysis is similar to B;, then for Case 1 where

M € T(r), r>0, By < ¢,p'=2/"% 5 0, for some positive constants, ¢., ¢z, Cy, and for Case
1
2:m € H(D), >4, N\ = we have that By < pe,(TY2)/12Cy)"T~57 — 0, for some

positive constants, c,, cs, Cy for \g = p‘ET_(i)

(+>’

Up to this point in the analysis, we bound the RHS of (A.20) in probability, so that the
LHS is bounded by a dual bound. We continue the analysis, towards showing the latter. Note

— 2 ~
that the "prediction error", || X (,@ — B) is />-bounded and ‘ B8—-p ‘ is /1-bounded, then
2 1
by Corollary 6.2 of Biithlmann and Van De Geer (2011)
2 9 ~ ~
~|XE -8 <2&X (B-8)+ (181, - 18I). (A.33)
< |88+ (181~ 181) . (A.34)

Since A > 2y under £ , and by Assumption 7,

-8l - 85 -sal, +[Bal, sl =300 o], a9
HBSO B BSO 1 = \/%HBSO - ﬁSO 2 ’ 3 1 1 * Hﬁsg 1 (A.36)
18| < (B'=8) 50¢% (50, &) - (A.37)

Then, substituting (A.35)—(A.37) in (A.34), we obtain the following dual bound
X (B-8)],+ 8-, < |X (B-8)[, + |8 - 8], + 318 - 5]
<& -x) (8-)],+}x* (B8],

+ HBSO — Bs, T 3 HBSO — Bs, .

<[ @-nx (5-8)[, + |x* (8- 8)|| + 450 (50, 601

9



2

(BB as o 0
(A.38)

x (8- 1)

2

leading to

(2= 0x (B-8)]|, < 4506 (000
A+ B+ C < 4500 (50, ),

X (B-8)l,-|x (B-5)],+ |55

Consider A = HXV (B — ﬂ)
ity

2 . 2
— HX * (ﬂ — B) H , then by the squared reverse triangle inequal-
2 2

a2z~

z—zu(i—L)

X
X1,

2

X(ﬁ—ﬁ) B-p
—~ 2 ~ 2 ~ ~
~as|@-n |x (8-8)], +2|E—n 1x1.[3 -],
1 ~ 2 1
=00 (1) |x (B-0)[ +0r (=) niz

where Ar/Z the maximum eigenvalue of (7-'X’X)Y2. Then B = H,@— 8

used to obtain a dual bound below, and by implication of Corollary 1

B4 . (4.39)

, which will be

1

2 2
= 0p(T7Y) .
2 2

= |i2-wx(3-1)

x(3-8)

Combining terms A, B, C' and for some A2 > 0, we have the following dual bound for the
feasible GLS LASSO estimator

—~ [/~ 2 )\2
T X (B-8)||, < 462050, @)50X + . (A.40)
B8] = ¢ dpr + = (A1)

with probability approach 1 for {\, so} defined in (18) of the main paper and A satisfies As-

sumption 6. N

Proof of Corollary 2
Following the analysis in (A.38)—(A.41) the results follows. O

B Proofs of Theorems 2, and 3

This Section provides proofs of Theorems 2, and 3 of the main paper.

Proof of Theorem 2

Consider Assumptions 1 — 7 to hold. Then, with a selection of Ay, the weak irrepresentable

condition proposed by Zhao and Yu (2006), holds, hence P <‘§0/ SOD — 1, where Sy = {i :
Bi # 0}, Sy = {i: B; # 0}. This can be easily confirmed by directly applying Theorem 4 of
Zhao and Yu (2006). For the sake of clarity we provide the proof below:

10



Let B,, := B; 1{i € So; i =1,...,p}, and B := f; 1{i ¢ So,i =1,...,p}. Denote }(So),
X (S§) as the first so and last p — sp columns of X respectively and let S =XX /T. By
setting B11 = X (S0)' X (So)/T, S0 = X (S5) X (S)/T, S15 = X (So) X (S)/T, and 3yy =
X (S¢Y X (S0)/T. & can then be expressed in a block-wise form as follows:

211 ZJ12

A~

S = -
221 Z:22

We introduce the following statements
w= <§21 (211)_1)?<50>'2> WS =
to define two distinct events,
Ap = {' (§11,1> Wi(So)| < VT (|ﬁz|

— = . 1
X(s)e WS- -
¢ Ao ,
BT: |wl_Wl(SO)|§ ) Z:80+]—7"'7p7

1 c
Nii X (S5,

(211 1) o sign (3;)

>}, izl,...7807
0T

where W;(Sp), W;(S§) is an element of W(Sy), and W (S§) respectively, similarly, w; is an
element of w. Event A implies that the signs of the active set, Sy, are correctly estimated,

while Ay, By together imply that the signs of the non-active set, S, are estimated consistently.

To show P (

§0/ SOD — 1, it is sufficient to show that

P((§0/ 50]) > P (ArN Br). (B.1)

Using the identity of 1 — P (Ar N Br) < P (Ar)“+ P (Br)® we have that

Pans + P (B < TP (< |(Sus) @] 2 V1A - g7 (Bus) s (30
1€S0
+ZP(\/_‘W1 ~’A}_ ):A+B, (B.2)

1€5§

where w is a (p — s9) X 1 vector. Notice that for 7,7 = 1,2 and by implication of Assumption
7,0 < Amin <2”> <\ ( ) holds , hence

Ao
2T

Ao Ao
B, < /3o
2 T ||Slgn( 1)”2 — SOQCQT’

(in z> ) sign (8;)| <

for some positive constant cy. Denote * = X'I'LX, € = Lu, and ¢* = Lu where L is
defined in (N.1), then A of (B.2) becomes:

aeyp( L) s (B we

€S0
11

> VT 18] - 2l



I |/a V'~ _ A
+yp (— (Sus) @e— (Si,) " &@e'| > VT 151 - 0\/_)
i€Sp T
1 1 ~/ —1 / )\0\/_
+ZP<_ (ETU) Tie" — (ZTM) x; e’ >\/_|5z|—
i€So \/7;
1 _ A
+ZP(_ (E’{M) 1 x;'e” >\/_|5@| 0\/_)=A1+A2+A3+A4.
i€So \/i;
Terms Aq,..., Ay are bounded following similar analysis as in Lemma C.4, hence A < Aj.

Further, notice that similarly with f}ij, Vi,j=1,2,0 < Apin (Efj) < Apax (ZZ) Therefore
by Assumption 5 and using Lemma A3 of Chudik et al. (2018) we have that,

VT|5] - 2oL
A4<ZP \/—|Ctz|> |: |6|C' 1660T] -0

1€S0

for some large enough constants d, C' > 0, and

V1ogp/T, ¢ €T(r),r>0

/\0 =
p T (5H) ¢, e H(6),0 > 4.
Similar analysis is conducted for B. The result follows. O]
Proof of Theorem 3
We show that
R VTa (B — B)
= ~ N(0,1), (B.3)
~~ o~
a'®X,.,0a
where b = (/b\l, . ,gp)’ a vector of DEBIASED GLS estimates of 3, defined in (20) and O =
M 16’ is a p X p matrix, where M = diag(7Z, ..., p) and C defined in Section 4.1 of the

main paper. By (23) we can write

t,= A+ B, where (B.4)

PSP
'© X Lu/T '5 o~
4G wr p_ ¢ ’ 5:@[@2 w}(ﬁ 5)
A~ A~ ~1 A~ A -~/
\/a'®x,..0a a0X,.,0a
where L is defined similarly to (N.1). Tt is sufficient to show that A ~ A (0,1) and B = op (1).
We start by showing that A ~ A (0,1). Denote

< 1 (377 7\ * -1 / / /
Spu=T (X Lu) <X Lu) . 2 =T (X'Lu) (X'Lu) .

12



To show that A ~ N (0, 1), we first need to show that

s a'® X" e* /T

= JTaow 674 ~N(0,1), and A — A" = op(1), (B.5)

where X*'e* = X'L' Lu.
Step 1: We show that the nominator and denominator of A is asymptotically equivalent to
their corresponding quantities of A’. Starting with the nominator, by Lemma C.4.

dOX'E- a0 X"e"|| =op(1), (B.6)

1

7
vT
where & = Lu, and &* = Lu where L is defined similarly to (N.1). Further, for the denominator,

by Lemma C.5

~ o~ —~/ ,
a'0Xx,,0a—d0O'Y O07a

= op(1). (B.7)
Hence, by (B.6)-(B.7), A — A" = op(1).

We now show that A" ~ AN (0,1). We remark that a’'©®@*X" ©*a is asymptotically bounded

away from zero (positive definite), such that the following statement holds:

a/@*EZUQ*a’ > Amin(E;u)H(")/a”g > Amin(EZu)Aim

(©)lallz > Amin(37,)AL

min

(@), (B.8)

*
Tu?

of ©, which obey 0 < Apin(0) < Apax(©¥) < 0o. Then, by Assumption 5, {x}’'cf} is a zero-

*/ % */ ok */ %

mean stationary process, by consequence E [(x}'e})(xi’et)| = Var[z('ei] > 0, E[xi’el] = 0.

where ||a||2 = 1, Amin(2},,) the smallest eigenvalue of 33} . and Ay, (©*) the smallest eigenvalue

Taking the expectation of A} and (A})? we obtain

5 a'®lx;'sr _0 (B.9)
VTadO'Y ©a| '
2
5 a'©*x}'s; _ {T‘la’ (O zer) a (O xs)) _, (B.10)
VTad©'S 0d T-'a' (©x's;) o/ (©jx)s;)] '

In view of Theorem 24.6 of Davidson (1994), A’ is asymptotically standard normal, across
t=1,...,T.

Step 2: It remains to show that B = op(1). The denominators of A, B are identical, so
by (B.8), the denominator of B is asymptotically positive definite. It suffices to show that
6 =T ((:)i - 1) (B — ) is asymptotically negligible. As an implication of Proposition C.1,
||é1§3 — €;lloc = 0p(A\;) and by Theorem 1, ||[/3\— Bll1 = Op(soA), where the order of A can be
defined according to (18), so then

a'sl, < |[VT (8% - 1) (8- 8)|_lal,
B8], val = oo




showing that B = op(1). O
C Auxiliary results

PROPOSITION C.1. Let Assumption 2 hold and let S—T'XX. Then © is a good approxi-
mation of ) uniformly for all i =1,...,p if

‘/\//N,\

% = 0p (N, (C.1)

92~ ~2

where the order of A is defined in (18), ® =T C, T = diag (72,....72) and C as defined

p
in Section 4.1 of the main paper.

LEMMA C.1. Let Assumption 3 hold. If further, \; < lc’% and for p >> T, we have

H/X/ﬂ 7’) = Op (siAi) HX - i HQ Op (si\i), (C.2)
19—l = o (V) 15 =il = Op (siv/) (©3)

where the order of \ is defined in (18).

COROLLARY C.1. Under Assumptions 3, 6, 7 and 9 and for a suitable choice of the requlari-

sation parameter, with order defined in (18), we have

max{;?} —0p(1), i=1,...,p. (C.4)

i i

LEMMA C.2. Suppose Assumption 3 an 6 hold, then

77t =0p (Voiki) . |72 =n7% | = 0p (Vi) (C.5)
for a suitable choice of the regularisation parameter, with order defined in (18),and A\;s;= o(1).

LEMMA C.3. Suppose Assumptions 1-9 hold, then the following statements hold

18 — &4l = Op (s:\)
18; — Ol = Op (v/5iMs)
18]l = Op (v/57)
1©:ll: = O (Vs1)
for some suitable choice of \;, with order defined in (18) and A\;s;= o(1). and s; == |{j # 1 :
©i; # 0},

LEMMA C.4. Under Assumptions 1-9, we have fori=1,...,p,

— l¢®X Lu
T

(1), (C.10)

14



where © is defined in Section 4.1 of the main paper, while © 1s its population counterpart, and

X = LX, where L is defined in (N.1).
LEMMA C.5. Under Assumption 3, we have Vi € {1,...,p},
0,5..0, — ©,%,,0)| = o0,(1), (C.11)
where @u f)m are defined in Section J of the main paper.
LEMMA C.6. Under Assumptions 8 — 7,

A~

Xk — Bik

P ( max > 1/) — 0, for some v >0. (C.12)
0<i,k<p

where & = T_ljf/,/)\{/, and ¥ = E(T7'X*X™), for some large enough positive and finite

constants, c1,v > 0 and 01,09 > 0 independent from T and p.

D Proofs of auxiliary results
This section contains auxiliary technical lemmas in Section C.

Proof of Proposition C.1
We show that © is a good approximation of f]il, for & = 71 (f X ) the sample variance-

covariance matrix. Immediate application of the KKT condition on 'Ayf gives

ZXL (- X A) = A (D.1)

It suffices to show that
SXU (@)~ XA +op (1) = (Nl - A+ AR, (D2)
%5{’ (& - X’_fﬁ) - %X* (xf = X2 A7) =op (1), (D-3)

where (D.3), the remainder term on (D.2), and n; = sign (7;), N, =

1

sign (47). Notice that

X (= - X))
T - )\1777, )

are the KKT conditions of a node-wise regression, ;| X ™, and 4; the corresponding estimates,
Vi=1,...,p. Following similar arguments to Theorem 1, [|(¥; —%,;")[1 = Op (s0v/A;), while
|7; ||+ will have the same properties as ||7;][1. We proceed to show (D.3), using the scalar

representations of the processes involved,

—

X (3 - XA) T X7 @ - X5 /T
T a T .

= (Z Ly —i — Z ¢jwt—j,—i> [(Z Tt — Z ¢j$t—j,z‘)
t=1 j=1 t=1 J=1

15



q
- (Z Ty — Z ¢j$t—j,—i> ’AYz /T
t=1 j=1
T q T q
- (Z Ly — Z ¢jﬂ3t—j,—z‘> [ Tti — Z ¢jxt—j,i>
t=1 j=1 t=1 j=1
T q
- (Z Tii— Y %wtj,i) 3i | /T
t=1 j=1
1 T q N 1 T
< T Z Ty i Z <¢y - ¢y) Ti—ji + T 17 — i lly Z wfl;,—zmt,—i
t=1 j=1 t=1

T q T q
| ~ 1 ~
+ 5 P =l Yoy T <¢j - ¢j) + 7 dowa Yy me (¢j - ¢j>
t=1 J=1 t=1 j=1
1 L N 2 ~
+r tzl ; Ty j—iTij |:(¢j - ¢j> + <¢j - ¢j> 2%}

T q
1 ~
T ;:1 Lt ;1: Lt—j,—i <¢j - ¢J’>

A w5 0) (5 o) 20

= Op(s;T~?) + Op(siv/N) + Op(si/Ai/T) + Op(T~1/?) (D.4)
+ Op(T' VT V) 4 Op(T™) + Op(si/ N /T V s/ N /T), (D.5)

Notice that 4,\in; = Ail|7;]l1, and 7 Am; = \il|7; |1,
(¥ — '/7\*1) = =)+ (vi — ’7*1) < |7 =il + v — ﬁ*znl = Op (si\i) , (D.6)

where the first term obtains its rate of convergence by Lemma C.1 and the second term has
the same rate of convergence following similar arguments as in Lemma C.1. Completing the
proof of (D.3). Then we can show that

AT — AT | < A — A+ 1A — YA (D.7)

S X l1lloo 117 = A3 1y 4 2 1705 oo 117211 (D.8)

where |77 ]|, < 1 as the sub-gradient of ||} |1, [|[7;]l., < 1 as the sub-gradient of ||7;||;, and

17 =il = Op (SMZVQ>7 leading to [Y,A\i); —¥;\im;| = op (1) by (D.6). Considering the
analysis on (D.3) and (D.8), (D.2) becomes

VX (2 - X7 77) /T +op (1) = MilFi 1, (D.9)

by plugging (D.9) into (7)? = T | >+ AillA7 11, then,

* * 5%
x; — X7 7,

F? =T (@ - X237 (21 - XU A7) + 7 X"/ (@) = X“ A7) (D.10)
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=T (& - X277) (2 — X27;) + 7, X%/) (D.11)
— 7 (m - X’iﬁ:) . (D.12)

Recall the definition of C in Section 4.1 of the main paper and notice that ¢;, is the i-the row
of 6’, we get that Xe¢; = (%Z — X_ﬁl) and @1 = ¢;/7?. Equation (D.12) then becomes

() =T"'X*/X"¢; = T'X*/X"0; =1, (D.13)

(2

where ®F = € /(77)2. Then, (D.13) will hold if © is a good approximation of 5=
<X X /T) in the sense that the approximation error ||©% — I H = op (1), which we now

evaluate.

For (C.1) to hold, the following expression should hold as well.

<||os-65 | +|08 - eS| +|e:s -

o

= By + By + Bs, (D.15)

where 3 = Zthl (x;) /T, S = Zle (x;x;") /T. We wish to show that By, By = op (1) and
Bs attains a bound such that the one in (C.1). For B;: By < Hf] — E*H ||@z||1 Then, we

have:

Ak

Hf:—z

1 PPN
< H? (X'L'LX _ X’L’LX) H

[e.9]

- Bll + 3127 (D16)

il 1 R /
—HX/L/ <L—L>XH 4o x (L—L) LX
T 1 T i

(1),(2)

where (1) results from the norm inequality (8) of Chapter 8.5.2 of Lutkepohl (1997) and (2)
results by applying the triangle inequality. For i =1,...,p, s=1,...,T — q, we analyse Bjs:

T—q
1 ~
By, < —maX Zx T, — 1)1, < max | il ;(13—13) 1
= Op(2N2V T V2500) (D.17)

where [, Z; two 1 x T row vectors of the matrices L, L respectively, defined in (N.1). The
asymptotic rate of By results by directly applying Corollary 1. Following a similar analysis
to Big, the term By; = Op(s;);). By Lemma C.3, we have that Hézﬂl = Op (\/E), hence
By = Op (qs3\i)+0p (qso\/)\_i). We find that B, < By. The asymptotic rate of By is obtained by
(D.28). Using 3" =T-1X*X* and expression (A.16), we get that ||fJ*HOo = Op (1). We then
continue the analysis for Bs, to derive the result. We examine the column norm of || @*i*—ei Il o,
where e; is the " column of the 1dent1ty matrix I, By (D.13), ||[77'X*_ XT07|
|©*S" — €|, incorporating ©F = & /(7*)? into |7~ 1X*’_iX*@me,

il _ A
@y =@

71X X0 = T X X E P < (D13
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then (D.18) holds, since ||%;|, := sup;||n;ll;, < 1. Further, using (D.15) and since
|17 X* ,X*©; o= ||®ff)* — €;||00, We obtain

H@;‘f]*—ei < +op(1), (D.19)

Ai
(77)?
where (77)? = @}’ (¢} — X* ;). It holds that max;{1/(7])?} = Op(1) by direct application

of Corollary C.1, the result follows. O]

Proof of Lemma C.1

The proof follows the same line of arguments as Theorem 1 and Corollary 2. n

Proof of Corollary C.1

We show that the errors of the node-wise regressions uniformly on ¢ are small. First we
make the following standard statements: The compatibility condition holds uniformly for all
node-wise regressions, and the corresponding compatibility constant is bounded away from

zero. Further,
1/7-22_@* >Ai11n(®*)>07 \V/izl,...,p’
and 77 < Fx}'x} = =X = Op(1). Now, each node-wise regression has bounded prediction and

estimation errors as in Lemma C.1, and we can then write

—~ 2
-l -] - e
:A1+Hw:—X*_zA;k /T
— 0,(1) X 7:|2/T

(1)

XAl /T | XG0 (= X 7)) X5 (5] — 7))

= op (1) + 72+ Op (5:A i) +0p (Voih) + Op (Vsiki) = 0, (1) + 72

where v} = arg min {E [(xfz — :B*_i’t’y:-‘)z} }, consequently, v, can be defined following the same
v; ERP

logic. Above we used the fact that A; = op(1), which we now prove.

Notice that (1) results from the following expressions:

Al_‘

/T— |z — X*.7;

ml —Z’Yz /T

/T— 'z /T
2

+ 22X X* 47 /T — ||X* ~*

—’L %

/T

A %

1 Sk ANk
5 H +— H (27X XA + 20 X2 4; - 2 XX A+ 20X 7

<z -
(Falf

By (D.16), a1 = Op(T~/?). For 1 <i < pand 1 < j < T, we have that

—7, 7

/T) =ay + as + as.

(2'7*’X*’ XA o X AT - X XA+ 20, X,m> /T (D.20)
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1 [~ s
< T MXZ ;X

2
s = 7l + |

il 15 =)l

s S AN CERATIEN 25 o N AN [CAEA] A
— XL il 1 =)l

zOP (Vi) Op <Sz\/)\_z> + )
500 (V5 Op (siv/X) + || X v}

= Q21 + Q22 + Q23 + G24.

1= ~
< T |:HX—7, 0/ X

Or(v3) Op (siv/\)

+ X7, ,0r (v/5) O (siV/A )|

Using the reverse triangle inequality we have,

Vi
OP (8?/2 T

2
2
*
X

—~ 2 A\
)g X_;—X*,| Op (ﬁ”i)
2

IN

LX_,)T— LX_i/T“z Op (s7*V/N)
(1) x-afon(22)

|xx /7| ||L- L] or(s2VA).  (D21)

IN

IN

Using similar arguments to prove (D.16), we have that as; — as3 = op(1). Following a similar

*

line of arguments and utilising the definitions of v} = E[x} — X

we conclude that a, = O p(sg’/ 2\/Ai). For a3 and using the reverse triangle inequality we have,

_ 2
az < HX—{AYZ 2/T - ||Xiz;)’\:

2
G

IN

— 2
X AT - X 57|
2

— | (Ex A~ X 7)) + (EX v = LX o,) + (EX 7, — DX 7))

T
./

IN

~ ~ 2
(|Ex -7, - £x o, +IEX v - LX ]ll) /T

= a3, + asy + ass. (D.22)
To show that a3 = op(1), we first show that as;, ass, ass = op(1). We start with ag;:
a1 = Hix,ﬁi _ILX_ A, +LX_7F,+LX_A,
< |2 - || 1X il 190, 15 = 3l /T +
FILX illy [17llo 1 = )l /T
= Op(s$2)0W)0p (50v/A:) V Op(sA)0()0/3)

v OMO(V5)0p (5iV/A) (D.23)

/T

L L] Xl 17l /7

where (1) results by following similar arguments as the ones to show (D.16), further the rate
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of ||7;ll2 and [|(5; —7,)|l,, is obtained by implication of Lemma C.1. Regarding ||7;]|1, we can

write

1Filly < A (Al + 17 = ill) = A O(Vs:) + X Op(Visidi). (D.24)

Lastly ass,ags follow similar analysis to as;. Hence, we conclude that asj, ase,ass = op(1),
showing that A; = op(1). Showing a similar result as in (D.24) for ||7v}||1, we proceed to show

(CA4):
max {1/5_\2} = max { |:(Ti)2 +0p (W) + Op (SM?) + Op (M)} 1}
< max { [(7)" +op (1>]_1} >

where (7;)* < 37, = Op(1), completing the proof. O

Proof of Lemma C.2.

Before we proceed to the analysis, it is useful to point out that, from the KKT conditions

. . ~ |\ v A~ ~) p~ ~ . . ~
of the node-wise regressions of ;| X _; we have 77 = z(x; — X _;7,) with residuals v; =

(x; — fXJ_ﬁi), further on the same note, the KKT conditions of the node-wise regressions of

x| X",

7

E [(mf =D itk %‘,kX*—z) ] , with population residuals, E (v}) = E [z} — X* ~;].

we have (77)2

x'(x; — X*7,”) with residuals ¥ = (zf — X*4,") and 77 =

[\

7

We first consider |72 — 77|. Then we have that
7= < |7 - @V +|F)? =7 | =Bi+ Be.

The first part of the Lemma follows if By, By = op (1), we proceed to analyse B, where
I<i<p 1<j<q¢

-1

(ljwi)/ ljil?i - le—ﬁi> - (ljwi)/ (ljwi - le—ﬁ:)

(7T /
xT; (ljlj — l]' lj) €Zr;

LX_ A -l LX)+ T

1
= by + bs.

Following a similar analysis as in (D.22), (D.16), it can be shown that by = Op(s3logpT ).
We analyse by

b1:

JT + |2l X (7 =)l /T

-+ |:c§lj/le,i (’/)\’Z — ")/Z)‘ /T = b11 + 1)12 + 613.
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Further, b;; can be analysed such that

bn = | (Z;lA] - lﬂj) X_7| /T
1 - ~
<7 ‘ x; (ljlj - lﬂj) X, 17 = illh (D.25)
1 o~
o o (B8 = 1) x| vl (D.26)

= Op (s3X0) O <s\/)\_> +0p (s2A2) Op (V57).

The first and third term in (D.25)—(D.26) can be analysed following similar analysis as (D.16),
the second term is obtained by directly applying Corollary C.1 and the last term is an impli-
cation of Corollary C.1, hence b;; = Op (siT*1/2)\i). Following the analysis in (D.23) and
by direct application of Corollary C.1, we conclude that bjs,b13 = Op(s;);). Concluding,
By = by Vby = Op(si\;), and By follows the same analysis with B;. Therefore the follow-
ing holds,

72— 72 = Op (Vi)

Am;(@) = Apin (), for all i = 1,...,p. Recall that

To show (C.5), note that 772 =
Apin (2) > 0, thus

v

1
O

RS = @V | =i+ = 1 4 or(1) > 0,

which taken together with Corollary C.1, imply

11 N S O O e 9 i B (9t

== =3 =~ = —= — 5| = = = — =0 iAi) s

7_22 2| = 7_12 (Ti*>2 (Ti*)2 72 Ti2(Ti*)2 + T;)QTZ? P (\/S_ )
completing the proof. O

Proof of Lemma C.3

In this proof, we largely follow Kock (2016b). By definition O, =¢ /72, similar arguments
hold for ®;, then

|©'a—-@al <|0a-0"al,+||0"a—Oa
< [1(® —©Y|illal + [(©" —©)|lal: = [C + Csl|lal. (D.27)

Note that ||all2 =1 and ||al|2 < ||al]1, then for C, we have that

-~ *

o |G _ < :Hl—fyi_l—’?f
Ti2 (Ti*)2 1 T; (7}‘*)2 1

S 0 /e /A /A 1
Gy R R wmP R

T; T T i i 11
<5 - = B | - | 18- | 5
=@ el T E T e, T T
= Op (V&M + O(V/3) Op (v/EiX) + Op (s:4) Op(1)
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The first term of (D.28) is a direct result of Lemma C.2, the second results from (D.24),
and Lemma C.2 and the third term results from (D.6), and direct application of Corollary
D.12. Following similar arguments to (D.28), we can show that H(:)Z — 0O,]l2 = Op(V/si\:). By

definition of ||(:)Z||1, 0, =7 % (similar arguments hold for @7), we have

- I - 1
o = e = | =2 < ||~ | ]| = owm
18:[lr < [18: — &1 + (18}
1 o 1 1
< A) A el =15 =il el =yl e
<Op (51)‘Z> + (5_\:)2 . H'-Yz 72”1 (5_?)2 . "7z‘|1 (5_7)2 .
= Op(1) + Op (s:X:) Op(1) + O(/5:)Op(1) = Op(V/s:). (D.29)

Further, note that H('-)"‘/a”2 < H@*/aHl < Dicqr,.p |ail[[©7][1; Then,by direct application of
Corollary C.1, from which we get that HT%H = O(1) and #
C.1 we get |97 — v:lli = Op(si\i), and by L?())llovving similar z;rguments as (D.24), we have

[vills = O(/50).

Using a similar line of arguments with C, we have that Cy = Op (s;);), completing the

= Op(1), from Lemma

proof. O

Proof of Lemma C.4

We use the following decomposition of the left hand side of (C.10):

o~~~ 1 A~~~ —~ ~
a’@X/Lu—a’@X’LuH < — H a’@X/Lu—a’Q*X/LuH
17 VT 1

+ ‘ a'©® X Lu — a'@*X*’IALuH
1

1
vl

O X "Lu—a® X*"Lu

a

1
+||e'©* X" Lu — a'© X" Lul||,
5
+||e'®@X*Lu - a’®X'Lu|,] =) D,.  (D.30)
k=1

It suffices to show the following:

D1 = OP (SiT71/2>\i) y D2 = Op <\/S_iT71/2> y D3 = Op (5i3/2T71/2)\i)
D4 = OP (\/S_z/\z) s D5 =0 (\/ SZ'T_l) . (D?)l)

We consider each term, starting with Dy:

1 A * 7 T T */ */
Dy < 'l ©-o| [|[XLu-x"Tu| +|X"Lu-X"Lu| +|X"Lu],]
= ||ld'| ||© — & D11+ Dz + Dig].
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By (D.29),

= Op (s;\;), as for term Dy, we have that

"1

N”\ T 1 S
\/—‘ _X Sﬁ ;; th 7,8
T q
X Z ut+z ¢j th ]z Bz +Z¢jxt ]z]
t=1 j=1 Jj=1
1 r a 4
< ﬁ ;jl«bj_éj)zzlxt_jﬂh
1 T a D P
v ZZ<¢ - ¢>Zx Z(ﬁ — )
T q
+% >N (65— ) ¢]Z$t il = i+ (da X d3) + da.
t=1 j=1

(D.32)

By Corollary 1 and (A.16) d; = Op(T~Y2), dy = Op(T~'/?), and by Lemma 1, d3 = Op(sp)),
and by (A.16), dy = Op(1), hence Dy; = Op(T~/?). We proceed to analyse Dis:

HX*’ —X*'LuH \/_HXLXHOOHﬂ 5” — Op(so)), (D.33)

hence Dys = Op(spA). We continue with D3, by (A.16), D13 = Op(soA). By consequence,
D; = Op(spA), showing the first part of (D.31). For the second part of (D.31), by (D.29)
and (D.32) Dy < ||la/[1|©*|1[| X% — X*u|ly = Op(y/%). For Ds, by (D.29) and by (D.33)
D3 = Op (s**T7Y/2)\;). For D,

|a'®* X" Lu — a'®X " Lul||, < |a'|,©" — 6|, | X*'Lul|, .

By the arguments of (D.27), [|®; —©,||, = Op(s;\;) and by Lemma 11 HX*/qu
pT—1/2 HX*IUHOO < @ Lastly, for Dy

T-'?]|a'®X* ' Lu — a'®X'Lu|, < T || |©], (X* = X)'Lul,

Recall, > 2ic i 5 laill|®ifh = Op(y/si), where p € {1, ..., p}. By Lemma C.3, |©]|, = O(V/s,),

and
T2 |(X* — X) Lull, < T ||Lul, .

Note that X corresponds to the design matrix when ¢;, for all j = 1,...,¢, is known, which
coincides with the case of X, where the design contains the infeasible estimates of ¢;. Therefore
D5 = O(v/s;T~1), and the result follows. O
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Proof of Lemma C.5.

To show the result in (C.11), we use the following decomposition:

a’(:)ixu(:)/a —adex,,0a < a’(:)im(:)/a — a’(:)Eméla a’(:)Em(:)/a —-adex,,0a
<|a0%,,0'a— a’@)E;u@),a a'@)Z;u@)/a — a’@EmC:),a’
+a'0%,,0'a - a'0's,,0"a| = F, + F, + Fs.
It is sufficient to show the following:
Fi=o0p(1), F,=o0p(l), F3=o0p(1). (D.34)
We consider each term, starting with F}:
SN N 2
F=16%,.06 63 0)|< qu > H@’a (D.35)
00 1

as:
o)

Using the definition u; = uy + x; (,3 — B), we analyse the term Hflw -3,

2

1 I
fZ(ict_wt

<« *

zij(ﬁ 5)

T 2

>

=1

E:(% %)wtj

J=1

9 T
fz LUy

Uy

i(ﬁ 5)

HIB BH =G+ Gy + Gs.

~+

2

Notice that T‘lthzl [ ;1.:1 <$j — gbj) wt,j} u; is bounded in probability by the same ar-
guments used in (I) o and as a consequence GG; = op(l). Go attains a non-asymptotic
bound by direct application of Theorem 1, hence Gy = op(1l). The term G5 is bounded
in probability in Theorem 1, hence G5 = op(1), therefore HEM 20 = o0,(1). Then,
>icr,p lalll©7]i = Op(y/s;), by direct application of Lemma C.3, which completes the

analysis for F}. We continue with F5:

F, =

03" ©a - d'©%,,0 a‘ <=5, - Saull 1€ al?,

where ||X7, — 2,.]| = A,

T
E .’L't Ut .’L't Ut

t=1

N[ =

T
1
E Cl?tut iBtUt
t:l
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| )
(e 50)
() (2

Set &, = <:ct =i gzﬁjwt,j) (ut =i gbjut,j), and its expectation

)

By Theorem 14.1 of Davidson (1994), and as a product of a-mixing series, {,}, is also a p-

E(§)=E

dimensional a-mixing series with similar properties as the ones outlined in Assumptions 1 and
3. We then write

1 < L1 & 1 &
ss<|pYee 306 1366 |13 ¢
t=1 t=1 t=1 t=1
11z 2 ) N ) ,
=7 > & -E(&) +fIIE(£t)|I§§T > & -E(¢) +?E||§t||§:<]1+(]2‘
t=1 2 —1 )

(D.36)

Note that the term J; includes an a-mixing series and can be bounded following similar ar-
guments as in Lemma A1l of Dendramis et al. (2021), J; is bounded by Assumptions 1 and 3,
which implies that second moments exist and are bounded. Therefore, |27, — X.,|_ = op(1),
while >, 5 1ail[|©7[l1 = Op(y/s;) by direct application of Lemma C.3, which completes the
analysis for F5. Analyse F3:

A 2 A
a'03,,0a - ad0's,,0% ‘ +2]|a’2..ll, H(@ -0 a
1

< %0l ||(© - ©)a

bl

2
where, by (C.9)
|©“al, < [©”al, < 3 lalle:lh = Or (v5).
ie{l,..p}

and by Lemma C.3 we have that,

= Op (Vsihi) .

2

6

= Op (82)\1) y and H@Z — @;k

1
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Further |©*a — E®’al|; = op(1), by implication of Lemma C.3 Note that 3,, and © satisfy

the following properties:
0 < Amin(z) S Amax (Z) ) O < Amin(®) S Amax (8) y

where Apin(X), Anax(X) are the smallest and largest eigenvalues of ¥ respectively and

Amin(0), Aax (©) are the smallest and largest eigenvalues of © respectively. Denote Elu?] :=

Var(u;) = 02 which is a scalar and 0 < 02 < co. Then X, := Xo2. Recall that by (B.8)
a'@'%;,0%a > Ain(2;,) 107 all; > Awin(Z},)A

min

(O)lallz = Amin(E7,) A

min

(©),
therefore the following statements hold:

HEMHOO < HEIUHZ = Amax (El‘u) = UiAmaX(E) = OP(l)a (D'37)
[2:.0"al| _ < 1Z0ll, [|©7all < Op(1)][©7]:]al:

Op(1)
Amin(z))

= OP<1)Amax<@*) = = OP<1)7 (D38)

completing the proof. O

Proof of Lemma C.6

Notice that, for some i, k € [1,p]

‘(’X”Sf)i,k - B(X'X)

< ‘(X’i'iX)i,k _(X'L'LX);,

ik
+ ‘(X’L’LX)M _E (X’L’LX)M‘

+ ‘E (X'L'LX),, - E(XTLX) |=A+B+C.

ik
By (D.16), A = Op(T~'/?), we analyse B:

B< |zL - E(m,)’i‘

2L — E(ay) L] + |E(@/L)

w, L — E(wk)’L‘

+|E(z, L)

2L — E(:ci)’L‘

= (zc;(f/ —L) - Emz> + L — Esc;i‘ X ‘ (w;(i —L) - Eack> + L — Ex| L
+|E(x
4 |B(«,L)] ’(mi — ExY(L-L)+L—Ex'L

‘L) ‘(a:k — Ex},)(L — L) + x|, L — Ea:;f/’
/

Y

where L and L are defined similarly to (N.1). Under Assumption 3, x; ; is a thin tailed a-mixing
sequence with properties in Assumption 3 of the main paper, with max; , F|x; ;| < d < oo, for

some d > 0, we have
6o — oa| < |(x; — Ex;) (L — L) + L — Ex!L
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+d )(mk — Bx)(L - L)+ x,L — Bz, L

~

+d )(mi —Ex)(L- L)+« L Ex'L|.

By Assumption 3, {x;} is a p-dimensional ergodic a-mixing sequences, and consequently by
Theorem 14.1 of Davidson (1994), L, ) L are a-mixing series satisfying Assumption 3. There-

fore,

0<i,k<p

P ( max [6,4 — o] > tT) <Y F (‘(w —Bz) (L-L)+2L - Ea:;i‘
i,k
x ‘(a:k — Eax) (L - L)+ L — IA;Ea:k’ > tT/S)

~

+P <d ((a;k — Ex)(L—L)+2,L - Ex;i‘ > tT/B)

e (d ‘(a:i — BaY(L-L)+ L Em;i‘ > tT/S) .
Notice that
‘(a:, — Bx;) (i — L) + L — Ea:;i‘ X ‘(azk — Exy) <i - L) +x,L — IA}Ea:k‘
< ‘(ar;z — Ex;) <IA} - L)‘ X ‘(a:k — Exy) <i - L)‘
= |(@i = Bay)| x | (e — Bay) | |IL - L3,
d ’(mk — Exy) (IA; — L> +x, L — Em}ci‘ <d ‘(mk — Exy) (i - L)’

and

~

d ‘(:13z — Ez;) (L — L) + L — Ew;i‘ <d )(ar:z — Ex;) (i — L) ‘ .
Then we can write,
P 75 <N p(r? E Ea)||L -] > 2
Jmax TGy —oi| > v ) < Zk: (z; — Bx,)| x |(z, — Exy,)'| |L - L| > 3
+y P (dT—1
ik
+> P (ar
ik

(xr, — Exy) (i — L)‘ > %)

(#; — Ea;) (i - L> ’ > g) . (D.39)

Since (x; — Fx;) is a-mixing with properties outlined in Assumption 3, and HIAL — L|j; =
Op(s2)\) by direct application of Corollary 1 and the order of A defined in (18). The three
terms are bounded using Lemma A1l of the Online Supplement of Dendramis et al. (2021). To
show that (D.39) holds, it suffices to show that

S (1= o) < =l [E- 2 > 5) w0
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> P (a1 |k — Bay)(L - L)‘ > %) 0 (D.41)
P (dT—1 ‘(azi — Ba)(L - L)’ > g) 0, (D.42)

for some finite constants ¢y, d1,d2,d,ds, €1,e2 > 0 independent of T',p, where ¢, d1, 9o, dq, d

are large constants. By Lemma A1l , Equation B.61 of Chudik et al. (2018) we have that
P (T—l (@ — Ea))| x |(z4 — Ex)| % Hi . LH2 > g) (D.43)
ik
<> P (T (i — Exi)| > v/(36162)) + > P (|(a, — Eay)| > 61)
i k
+ P (HE—LH2 > 52> =S+ S+ S5

We analyse Si:
Case 1: ¢; € T(r),r >0

T1/2 JT/2\ 2 /2 71
P12 |(x; — Ex;)| > 2 < _ P
22.: ( (@i = B)| > 555 ) Speoq e | —a | goa ) ] Fexp | —e | 555 er
UT/2\ 2
< pcyexp | —c1 <35—5> — 0, for v =+/logp/T
102

(D.44)

Case 2: x; € H(0),0 > 4

T1/2 yTH2\ 2 v\ "0,
PlT Y2 (@, — Ex: v < — EYE T2
; < |(x; x;)| > 35152> < pco {exp ( €1 <35152> ) * (351(52>

172\ —f
< cop vl 7571 5 0,for v = ps T-GHD
- 3010

(D.45)

For Sy in case 1 (x; € T(r),7 >0), let §; > v/3, then Sy < pc, exp (—c29log pT—2) , for some
=0
¢ > 0. For S, in case 2 (x; € H(0),0 > 4) we have that Sy < ¢p (T1/21> T-2-1 for some

5
¢,01 > 0. For S3, notice that i, and L are non-singular matrices defined similarly to (N.1),

then by implication of Corollary 1 we have that

Zs_ls

SgSP(maX

s=1,...,T

2
>(52> :0(1), 0> 0.
(D.41)—(D.42) can be bounded using similar arguments to (D.43). Finally, by Assumption 3

and following a similar analysis with term B, by implication of Corollary 1 term C' = o(1), for

some 6 > 0. The result follows. O]
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E Simulation Study Supplement
E.1 Main designs, |Sy| =7

In the main paper we consider the experimental design in (29), studying the small sample
properties of our methodology compared to methods previously seen in the literature, e.g.
LASSO, DEBIASED LASSO where the cardinality of the non-sparse set is so = |Sp| = 3. In this
section we examine the case where the cardinality of the active set is increased to 7 non-sparse
elements, i.e. s = 7. Notice that the selection of the regularisation parameter corresponding
to this simulation study, follows Section 5 of the main paper, with k£ = 10.

The first panel of Table E.1 reports the ratio of the average root mean squared error
(RMSE) of the LASSO estimator over the RMSE of the GLS LASSO. The second panel of Table
E.1, reports the ratio of the average RMSE of the DEBIASED LASSO estimator over the RMSE
of DEBIASED GLS LASSO. Entries larger than 1 indicate superiority of the competing model
(GLS LASSO). In the parenthesis reported are the entries corresponding to the RMSE of the
GLS LASSOin Panel I and the DEBIASED GLS LASSO in Panel II. Table E.2 below reports and
size-adjusted power and standard errors of the DEBIASED estimators. The results in Table E.1
suggest similar patterns with Table 1 of the main paper.

As the results in Tables 2 and 1 of the main paper suggest, when autocorrelation is present,
i,e. ¢ > 0 our method outperforms the DEBIASED LASSO, while in the cases of ¢ = 0, i.e.
uy ~ t.1.d. both the DEBIASED LASSO and DEBIASED GLS LASSO report similar results.

In Table E.2 we report size-adjusted power (refer to this term in Section 6 of the main
paper) for both the DEBIASED models under the same sparsity level, s = 7. The results here,
suggest that our method reports power closer to 95% as p, T and ¢ increase, while |¢| < 1.
These results are in line with the results of Table 2 of the main paper. It is evident that
the size-adjustment uncovers the underlying behaviour of the methods, given that DEBIASED
LASSO exhibits significant size distortions as p and ¢ increase as a pair and/or individually.

These findings, are in line with our theoretical results, while the behaviour of the DEBIASED
estimators in higher degrees of sparsity are in line with the empirical results of Van de Geer et al.
(2014), suggesting that inference with the DEBIASED LASSO has its limit when the problem is
not sufficiently sparse.

In Table E.3 we evaluate the performance measures reported in (31) across 1000 replications
of model (29) of the main paper. Our findings are in line with the finding os Table 3 of the

main paper.
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Table E.1: See description of Table 1, for |Sp| = 7.

p/T 200 500 1000

[} 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95

LASSO/GLS LASSO 100 100 123 176 238 298 100 130 218 273 366 100 125 221 330 4.08

GLS LASSO (0.04) (0.04) (0.04) (0.04) (0.04) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01)

LASSO/GLS LASSO 200 1.00 120 176 236 296 1.00 131 199 245 348 100 131 243 320 3.97

GLS LASSO (0.04) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01)

LASSO/GLS LASSO 500 1.00 119 183 242 297 100 130 170 238 331 100 134 238 251 383

GLS LASSO (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
Panel 11

Debiased LASSO/DEBIASED GLS 100  1.00 1.26 1.99 2.67 3.43 1.00 1.29 2.10 2.93 3.92 1.00 1.29 2.11 3.00 4.17

DEBIASED GLS (0.07) (0.06) (0.06) (0.06) (0.06) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02) (0.02)

Debiased LASSO/DEBIASED GLS 200 1.00  1.27 199 268 346 1.00 129 213 295 391 100 129 212 302 416

DEBIASED GLS (0.06) (0.06) (0.05) (0.05) (0.05) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02) (0.02)

Debiased LASSO/DEBIASED GLS 500 1.01 126 194 262 338 100 130 222 295 386 100 130 214 311 413

DEBIASED GLS (0.06) (0.05) (0.05) (0.05) (0.05) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02) (0.02)

Table E.2: See description of Table 2, for [So| =7
Size adjusted power and standard errors
p/T 200 500 1000

4] 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95

GLS LASsO 100 0.75 0.76 0.76 0.76 0.75 0.74 0.74  0.75 0.75 0.75 0.75 0.75 0.75 0.75 0.74

(s.e.) (0.07) (0.07) (0.06) (0.06) (0.07) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.02) (0.03)

LASSO 0.75 0.73 0.65 0.58 0.50 0.74  0.73 0.70 0.68 064 0.75 0.74 0.72 0.69 0.65

(s.e) (0.07) (0.08) (0.12) (0.15) (0.20) (0.05) (0.05) (0.07) (0.10) (0.14) (0.03) (0.04) (0.05) (0.07) (0.10)

GLS LASSO 200 0.83 0.84 0.85 0.85 0.84 0.89 0.90 0.92 0.92 0.92 0.93 0.94 0.95 0.95 0.95

(s.e.) (0.07) (0.07) (0.06) (0.06) (0.07) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03)

LASSO 0.83 0.81 0.74 0.65 0.55 0.89 0.88 0.83 0.77 0.69 0.93 0.92 0.88 0.84 0.78

(s.c.) (0.07) (0.08) (0.12) (0.16) (0.20) (0.05) (0.05) (0.07) (0.10) (0.14) (0.03) (0.04) (0.05) (0.07) (0.10)

GLS LASSO 500  0.84 0.85 0.86 0.86 0.86 0.90 0.91 0.92 0.92 0.92 0.93 0.94 0.95 0.95 0.95

(s.e) (0.08) (0.07) (0.07) (0.07) (0.07) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03)

LASSO 0.84 0.82 0.74  0.66 0.59 0.90 0.88 0.84 0.79 0.71 0.93 0.92 0.88 0.85 0.79

(s.e.) (0.08) (0.09) (0.12) (0.16) (0.20) (0.05) (0.05) (0.08) (0.10) (0.14) (0.03) (0.04) (0.05) (0.07) (0.10)

Table E.3: See description of Table 3, for |Sp| = 7.
/T 200 500 1000

o} 0 0.5 0.8 0.9 0.95 0 0.5 0.8 09 09 0 0.5 0.8 0.9 0.95

DEBIASED LASSO  AvgCov S, 100 0.916 0.919 0.930 0.935 0.939 0.927 0.928 0.931 0.938 0.944 0.931 0.935 0.946 0.947 0.949

AvgCov S§ 0.957 0.956 0.959 0.956 0.955 0.954 0.954 0.952 0.954 0.954 0.950 0.951 0.952 0.950 0.951

AvgLength 0.285 0.326 0.458 0.606 0.786 0.177 0.204 0.291 0.395 0.536 0.125 0.144 0.206 0.281 0.386

AvgLength® 0.285 0.326 0.458 0.606 0.785 0.177 0.204 0.291 0.395 0.536 0.125 0.144 0.206 0.281 0.386

DEBIASED GLS AvgCov Sy 0.914 0901 0.896 0.911 0.920 0.926 0.918 0.916 0.923 0.932 0.931 0.925 0.917 0.923 0.929

AvgCov S§ 0.956 0.957 0.961 0.967 0.972 0.953 0.954 0.958 0.962 0.967 0.950 0.952 0.954 0.960 0.964

AvgLength 0.284 0.261 0.238 0.244 0.256 0.177 0.159 0.143 0.141 0.147 0.125 0.112 0.098 0.097 0.098

AvgLength® 0.283 0.261 0.238 0.244 0.255 0.177 0.159 0.143 0.141 0.147 0.125 0.112 0.098 0.097 0.098

DEBIASED LASSO  AvgCov Sp 200 0.903 0.914 0.926 0.928 0.933 0.927 0.929 0.936 0.942 0.945 0.929 0.931 0.939 0.946 0.949

AvgCov S§ 0.968 0.967 0.967 0.966 0.962 0.959 0.958 0.956 0.958 0.957 0.955 0.956 0.954 0.953 0.955

AvgLength 0.291 0.332 0.466 0.614 0.793 0.179 0.205 0.293 0.397 0.538 0.125 0.144 0.207 0.282 0.387

AvgLength® 0.291 0.332 0.465 0.614 0.793 0.178 0.205 0.293 0.397 0.537 0.125 0.144 0.207 0.282 0.387

DEBIASED GLS AvgCov Sy 0.898 0.886 0.883 0.899 0.912 0.926 0.912 0.908 0.914 0.927 0.928 0.926 0.924 0.926 0.932

AvgCov S§ 0.967 0.968 0.973 0.977 0.980 0.958 0.961 0.964 0.967 0.974 0.955 0.956 0.960 0.964 0.968

AvgLength 0.289 0.268 0.247 0.255 0.268 0.178 0.161 0.146 0.144 0.153 0.125 0.112 0.100 0.099 0.100

AvgLength® 0.289 0.268 0.247 0.255 0.268 0.178 0.161 0.146 0.144 0.153 0.125 0.112 0.100 0.099 0.100

DEBIASED LASSO  AvgCov S, 500 0.889 0.902 0.913 0.921 0.930 0.917 0916 0.937 0.939 0.945 0.927 0.934 0.944 0.949 0.947

AvgCov S§ 0.982 0.981 0.981 0.977 0973 0.969 0.968 0.966 0.967 0.965 0.960 0.961 0.958 0.958 0.959

AvgLength 0.299 0.341 0.476 0.624 0.802 0.180 0.207 0.295 0.398 0.536 0.126 0.145 0.208 0.284 0.389

AvgLength® 0.299 0.341 0.476 0.624 0.802 0.180 0.207 0.295 0.398 0.536 0.126 0.145 0.208 0.284 0.389

DEBIASED GLS AvgCov S 0.882 0.872 0.878 0.892 0.901 0.915 0.906 0.891 0.909 0.929 0.927 0.920 0.919 0.917 0.935

AvgCov S§ 0.982 0.982 0.985 0.987 0.989 0.969 0.972 0.973 0.978 0.981 0.960 0.963 0.968 0.969 0.975

AvgLength 0.297 0.276 0.264 0.271 0.284 0.180 0.165 0.147 0.151 0.161 0.126 0.113 0.103 0.099 0.104

AvgLength® 0.297 0.276 0.263 0.271 0.285 0.180 0.165 0.147 0.151 0.161 0.126 0.113 0.103 0.099 0.105
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E.2 Simulations with MA(1) errors

In this section we examine the small sample properties of the estimator considering the case

of misspecifying the error. We consider the following data generating process:
Yt = :13;,3 + U, U =&+ 05t71, (El)
where ¢4, x; ~ i.i.d. By using the lag operator, Le; = ¢;,_1, we write

Uy = (1 + 9[/)5,5 ~ = &y, and |0| <1

Ut
(1+06L)

then by applying infinite geometric series we have that M A(1) = AR(o0)

U = Z Qngt = Z qut,j, (EQ)
7=0 7=0

which is indicative of the invertibility between AR and MA models. The latter covers both
the cases of mispecifying an AR(¢q) model, and the case where ¢ can diverge to infinity. While
our theoretical results imply both cases, we showcase the performance of GLS LASSO and
DEBIASED GLS through simulation experiments. The data generating process followed is (E.1),
with so € {3, 7}, similarly to the experimental design outlined in Section E of the main paper.
Notice that the selection of the regularisation parameter corresponding to this simulation study,

follows Section 5 of the main paper, with k = 10.

We report our findings in Tables E.4 — E.9. The first panel of Table E.4 — E.5 reports the
ratio of the average root mean squared error (RMSE) of the LASSO estimator over the RMSE
of the GLS LASSO. The second panel of Tables E.4 — E.5, report the ratio of the average RMSE
of the DEBIASED LASSO estimator over the RMSE of DEBIASED GLS LASSO. Entries larger
than 1 indicate superiority of the competing model (GLS LASSO). In the parenthesis reported
are the entries corresponding to the RMSE of the GLS LASSO in Panel I and the DEBIASED
GLS LASSO in Panel II. Tables E.6 — E.7 below report and size-adjusted power and standard
errors of the DEBIASED estimators. In Tables E.8 — E.9 we evaluate the performance measures

reported in (31) across 1000 replications of model (E.1).
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Table E.4: See description of Table 1, for Sy = 3

Panel I
p/T 200 500 1000

o) 0.5 0.8 0.9 0.5 0.8 0.9 0.5 0.8 0.9
LASSO/GLS LASSO 100 1.208 1.548 1.634 1.259 1.733 1.905 1.284 1.894 2.221
GLS LASSO (0.03) (0.03) (0.03) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01)
LASSO/GLS LASSO 200 1201 1.516 1.603 1.240 1.674 1.838 1.289 1.882 2.167
GLS LASSO (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01)
LASSO/GLS LASSO 500 1.196 1471 1.529 1.231 1.665 1.838 1.283 1.853 2.078
GLS LASSO (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
Panel 11

DEBIASED LASSO/DEBIASED GLs 100 1.237 1.585 1.680 1.268 1.795 1.997 1.287 1.951 2.298
DEBIASED GLS (0.06) (0.06) (0.06) (0.04) (0.03) (0.03) (0.03) (0.02) (0.02)
DEBIASED LASSO/DEBIASED GLS 200 1.236 1.559 1.629 1.275 1.797 2.000 1.287 1.926 2.215
DEBIASED GLS (0.06) (0.05) (0.05) (0.04) (0.03) (0.03) (0.03) (0.02) (0.02)
DEBIASED LASSO/DEBIASED GLS 500 1.230 1.499 1.549 1.282 1.778 1964 1.292 1.894 2.163
DEBIASED GLS (0.05) (0.05) (0.05) (0.04) (0.03) (0.03) (0.03) (0.02) (0.02)

Table E.5: See description of Table 1, for Sy =7
Panel 1
p/T 200 500 1000

) 0.5 0.8 0.9 0.5 0.8 0.9 0.5 0.8 0.9
LASSO/GLS LASSO 100 1.161 1339 1370 1.255 1.689 1.823 1.252 1.804 2.063
GLS LASSO (0.04) (0.04) (0.04) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01)
LASSO/GLS LASSO 200 1.138 1.293 1.344 1.251 1.618 1.702 1.261 1.803 2.027
GLS LASSO (0.03) (0.03) (0.03) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01)
LASSO/GLS LASSO 500 1.124 1.294 1.337 1.236 1.496 1.534 1.291 1.825 1.994
GLS LASSO (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01)
Panel II

DEBIASED LASSO/DEBIASED GLS 100 1.194 1.434 1487 1.263 1.709 1844 1.276 1.892 2.183
DEBIASED GLS (0.06) (0.06) (0.06) (0.04) (0.03) (0.03) (0.03) (0.02) (0.02)
DEBIASED LASSO/DEBIASED GLS 200 1.193 1.409 1.457 1.255 1.636 1.734 1.281 1.865 2.089
DEBIASED GLS (0.06) (0.06) (0.06) (0.04) (0.03) (0.03) (0.03) (0.02) (0.02)
DEBIASED LASSO/DEBIASED GLs 500 1.191 1.350 1.377 1.242 1.579 1.691 1.283 1.784 1.933
DEBIASED GLS (0.05) (0.06) (0.06) (0.04) (0.03) (0.03) (0.03) (0.02) (0.02)
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Table E.6: See description of Table 2, S = 3

Size adjusted power and standard errors

p/T 200 500 1000
& 05 08 09 05 08 09 05 08 09
GLS LASSO 100 0.848 0.870 0.861 0.893 0.917 0922 0932 0.946 0.956
(s.e) (0.07) (0.06) (0.06) (0.04) (0.03) (0.03) (0.03) (0.02) (0.02)
LASSO 0.791 0.772 0.760 0.878 0.868 0.863 0.913 0.899 0.891
(s.e.) (0.08) (0.09) (0.09) (0.05) (0.06) (0.06) (0.04) (0.04) (0.04)
GLS LASSO 200 0.860 0.874 0.878 0.917 0.935 0938 00952 0.962 0.964
(s.e.) (0.07) (0.06) (0.06) (0.04) (0.04) (0.03) (0.03) (0.02) (0.02)
LASSO 0834 0.810 0.802 0.905 0.885 0.880 0.934 0.922 0.917
(s.) (0.08) (0.09) (0.10) (0.05) (0.06) (0.06) (0.04) (0.04) (0.04)
GLS LASSO 500 0.848 0.860 0.857 0.920 0.931 0937 0944 0.955 0.959
(s.e) (0.07) (0.07) (0.07) (0.04) (0.04) (0.04) (0.03) (0.02) (0.02)
LASSO 0828 0.815 0.802 0.897 0.878 0.872 0929 0.914 0.908
(s.) (0.08) (0.09) (0.10) (0.05) (0.06) (0.06) (0.04) (0.04) (0.04)

Table E.7: See description of Table 2, Sy =7

Size adjusted power and standard errors

»/T 200 500 1000
¢ 05 08 09 05 08 09 05 08 09
GLS LASSO 100 0.708 0.714 0.705 0.730 0.718 0.718 0.725 0.730 0.738
(s.e.) (0.07) (0.07) (0.07) (0.04) (0.04) (0.04) (0.03) (0.02) (0.02)
LASSO 0.701 0.688 0.679 0.717 0.706 0.705 0.724 0.720 0.719
(s.e.) (0.08) (0.09) (0.10) (0.05) (0.06) (0.06) (0.04) (0.04) (0.04)
GLS LASSO 200 0.835 0.830 0.826 0.905 0.915 0916 0.934 0947 0.950
(s.e.) (0.07) (0.07) (0.07) (0.04) (0.04) (0.04) (0.03) (0.02) (0.02)
LASSO 0801 0.772 0.765 0.884 0.869 0.855 0923 0.909 0.904
(s.e.) (0.08) (0.09) (0.10) (0.05) (0.06) (0.06) (0.04) (0.04) (0.04)
GLS LASSO 500 0.841 0.827 0.823 0.908 0910 0.911 0940 0948 0.951
(s.e.) (0.07) (0.07) (0.08) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03)
LASSO 0823 0784 0.774 0891 0871 0864 0925 0914 0.909
(s.e.) (0.08) (0.10) (0.10) (0.05) (0.06) (0.06) (0.04) (0.04) (0.04)
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Table E.8: See description of Table 3, for Sy =3

p/T 200 500 1000
0] 0.5 0.8 0.9 0.5 0.8 0.9 0.5 0.8 0.9
DEBIASED LASSO  AvgCov Sp 100 0.924 0.929 0.930 0.924 0.933 0.938 0.925 0.927 0.927
AvgCov S§ 0.954 0.954 0.955 0.953 0.952 0.953 0.949 0.950 0.950
AvgLength 0.309 0.353 0.371 0.196 0.224 0.236 0.138 0.1539 0.167
AvgLength® 0.308 0.353 0.371 0.196 0.224 0.235 0.138 0.159 0.167
DEBIASED GLS AvgCov Sy 0.915 0915 0919 0916 0917 0.922 0.920 0.918 0.920
AvgCov S§ 0.958 0.965 0.967 0.955 0.966 0.970 0.953 0.965 0.973
AvgLength 0.256 0.241 0.243 0.157 0.136 0.133 0.109 0.088 0.083
AvgLength® 0.256 0.240 0.243 0.157 0.136 0.133 0.109 0.088 0.083
DEBIASED LASSO  AvgCov Sy 200 0.913 0.917 0.917 0.932 0.932 0.937 0.935 0.937 0.938
AvgCov S§ 0.962 0.962 0.962 0.955 0.955 0.955 0.953 0.953 0.953
AvgLength 0.311 0.356 0.373 0.196 0.225 0.236 0.139 0.159 0.167
AvgLength® 0.311 0.355 0.373 0.196 0.225 0.236 0.139 0.159 0.167
DEBIASED GLS AvgCov Sy 0.897 0.892 0.897 0.921 0.911 0.914 0.926 0.917 0.919
AvgCov S§ 0.965 0.971 0.973 0.959 0.969 0.973 0.956 0.968 0.974
AvgLength 0.258 0.247 0.252 0.158 0.138 0.134 0.110 0.091 0.087
AvgLength® 0.258 0.247 0.251 0.158 0.138 0.134 0.110 0.091 0.087
DEBIASED LASSO  AvgCov S, 500 0.900 0.900 0.902 0.922 0.927 0.928 0.929 0.938 0.940
AvgCov S§ 0.974 0.973 0973 0.961 0.961 0.961 0.958 0.957 0.956
AvgLength 0.314 0.359 0.377 0.197 0.225 0.237 0.139 0.159 0.167
AvgLength® 0.314 0.359 0.376 0.197 0.225 0.237 0.139 0.139 0.167
DEBIASED GLS AvgCov Sy 0.885 0.872 0.874 0.912 0.908 0.912 0.917 0.908 0.913
AvgCov S§ 0.976 0.980 0.980 0.966 0.974 0.977 0.962 0.973 0.978
AvgLength 0.263 0.258 0.264 0.159 0.141 0.138 0.111 0.094 0.091
AvgLength® 0.263 0.258 0.264 0.159 0.141 0.138 0.111 0.094 0.091
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Table E.9: See description of Table 3, for Sy =7

p/T 200 500 1000
0] 0.5 0.8 0.9 0.5 0.8 0.9 0.5 0.8 0.9
DEBIASED LASSO  AvgCov Sy 100 0.917 0.923 0.923 0.932 0.932 0.932 0.932 0.938 0.940
AvgCov S§ 0.958 0.958 0.958 0.953 0.953 0.952 0.950 0.951 0.951
AvgLength 0.318 0.363 0.382 0.198 0.227 0.238 0.139 0.160 0.168
AvgLength® 0.318 0.363 0.382 0.198 0.227 0.238 0.139 0.160 0.168
DEBIASED GLS AvgCov Sy 0.902 0.897 0.897 0.920 0.919 0.926 0.922 0.920 0.922
AvgCov S§ 0.960 0.963 0.964 0.956 0.966 0.970 0.953 0.965 0.972
AvgLength 0.270 0.265 0.270 0.160 0.144 0.144 0.110 0.091 0.087
AvgLength® 0.270 0.265 0.270 0.160 0.144 0.144 0.110 0.091 0.087
DEBIASED LASSO  AvgCov Sp; 200 0.908 0.914 0.915 0.926 0.929 0.930 0.927 0.932 0.933
AvgCov S§ 0.967 0.967 0.967 0.958 0.957 0.957 0.954 0.955 0.955
AvgLength 0.323 0.369 0.387 0.199 0.228 0.240 0.140 0.160 0.168
AvgLength® 0.323 0.369 0.387 0.199 0.228 0.240 0.140 0.160 0.168
DEBIASED GLS AvgCov Sy 0.887 0.883 0.888 0.906 0.912 0.916 0.920 0.914 0.918
AvgCov S§ 0.968 0.970 0.972 0.962 0.970 0.972 0.957 0.969 0.974
AvgLength 0.276 0.275 0.281 0.163 0.152 0.154 0.111 0.094 0.092
AvgLength® 0.276 0.275 0.281 0.163 0.152 0.154 0.111 0.094 0.092
DEBIASED LASSO  AvgCov S, 500 0.899 0.906 0.909 0.915 0.917 0.921 0.930 0.931 0.933
AvgCov S§ 0.981 0.981 0.981 0.968 0.967 0.966 0.961 0.961 0.960
AvgLength 0.332 0.379 0.397 0.201 0.230 0.242 0.141 0.161 0.169
AvgLength® 0.332 0.379 0.397 0.201 0.230 0.242 0.141 0.161 0.169
DEBIASED GLS AvgCov Sy 0.873 0.870 0.876 0.902 0.894 0.896 0.918 0.917 0.923
AvgCov S§ 0.982 0.982 0.983 0.971 0.976 0.977 0.965 0.976 0.979
AvgLength 0.285 0.288 0.297 0.167 0.160 0.160 0.113 0.101 0.101
AvglLength® 0.285 0.288 0.297 0.167 0.160 0.160 0.113 0.101 0.101

35



E.3 Simulations with t¢-distributed errors and/or covariates

In this section we use simulations to examine the performance of the proposed and com-
peting debiased methods under the Assumption of heavy tails in both (either) {x;}, {w;}, in
terms of size-adjusted power, standard errors, average coverage rates and average lengths of
the confidence interval, as seen in Section 4 of the main paper. We further report the relative
to GLS LASSO RMSE’s, and examine the performance of the proposed estimators using the
following data generating processes.

We consider the following three data generating processes that involve ¢-distributed errors

and /or covariates:
DGP 1: yy = x84+ g, uy = puy_1 + &4, @, ~ i.i.d. N(0,1) and &; ~ tg,
DGP 2: y; = xiB + us, up = Quyq + €, Ty ~ tg and g ~ tg,
DGP 3: y; = x,8 + ug, up = pup_1 + &4, @ ~ tg and g; ~ i.i.d. N(0, 1),

where t =1,...,T and d € {4,8,16}. We report these results in Tables E.10 — E.63, where the
reported quantities have been described in detail in Section 6 of the main paper.

In DGP 1 we consider the case where only &; ~ t; and &, ~ i.i.d. N'(0,1). The first panel
of Tables E.10 — E.15 report the ratio of the average root mean squared error (RMSE) of the
LASSO estimator over the RMSE of the GLS LASSO. The second panel of Table E.1, reports the
ratio of the average RMSE of the DEBIASED LASSO estimator over the RMSE of DEBIASED
GLS LASSO. Entries larger than 1 indicate superiority of the competing model (GLS LASSO).
In the parenthesis, reported are the entries corresponding to the RMSE of the GLS LASSO in
Panel I and the DEBIASED GLS LASSO in Panel II. The results in Tables E.10 — E.15 suggest
similar patterns with Table 1, of the main paper and E.1 of Section E, in their respective
cases. Note that as d increase the proposed (debiased) estimator report smaller RMSE, see for
example Table E.10 compared to Table E.12 in the case of T"= 1000, |So| = 3, any p, ¢, where
the reported quantities are slightly larger in the case of d = 4 compared to d = 16. Similar,
patterns appear in the cases of |[Sy| = 7, in Tables E.13 — E.15.

Further, in terms of average size-adjusted power, and considering the case where ¢, ~ t4,
¢ =0, |So| = 3 in Table E.16, we find that both debiased estimators slightly under-reject the
null, Hy : 5; =0, i € Sy as the sample size increases, with the highest reported size-adjusted
power for the DEBIASED GLS LASSO to be 89.5%. The latter is expected as the sampling
distribution of {£;} has less moments, indicative of a heavy tailed distribution, which in turn
affects the distribution of {u;} and consequently the frequency of rejecting the null, while the
null is false. This phenomena is corrected as the degrees of freedom increase, i.e. as the t-
distribution moves closer to the standard normal N(0,1). Indeed, looking at Table E.18, for
T = 1000, p = 500 DEBIASED GLS LASSO reports 92% power, incrementally higher than the
cases where d = 4. Interestingly, looking at Tables E.16 — E.18, and as ¢ and (T, p) increase,
GLS LASSO reports power approximately equal to the nominal rate 95%, while in cases of

¢ > 0, the DEBIASED LASSO severely under-performs compared to the proposed methodology,
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showing signs of inefficiency, while it reports power as much as 83.6% in the case where T' =
1000, p = 500, d = 16, ¢ = 0.9 and |Sy| = 3, as opposed to the DEBIASED GLS LASSO which
reports power as high as 94.9% in the same design. Similar behaviour is reported in cases of
less sparsity, where | S| = 7, see for example Tables E.19 — E.21.

In DGP 2 we consider the case of where both the covariates and the error term are sampled
from a t-student distribution, x; ~ t4, &, ~ tg4, indicative of heavier tails compared to the
normal. While all DGP’s in this section have an empirical motivation, DGP 2 presents the
most general case among the three, and one usually found in financial returns. Looking at
Tables E.28 — E.33, similar patterns as in Tables E.10 — E.15 appear to hold, with a slight
increase in the debiased estimators’ RMSE’s is reported. The latter is more profound in Table
E.28 and smaller sample sizes, and disappears as T' increase.

Further, in terms of average size-adjusted power, similar patterns with DGP 1 can be
observed, with a slight increase now in the s.e. followed by a decrease in size-adjusted power, for
both |Sy| € {3, 7}. This behaviour vanishes as T', p increase. The proposed estimator, DEBIASED
GLS LASSO reports size-adjusted power close to 95% as T, p and importantly increase, while
the competing debiased estimator under-performs severly reporting the highest power close to
~ 76 — 77%, see for example Table E.20 T = 1000, p = 500, ¢ = 0.9, 0.95.

Finally, in DGP 3, similar patterns as in DGP 1, and DGP 2 arise.

In summary, in this set of simulations, we outline cases that are of empirical interest, while
showcasing that the proposed estimators perform as expected under both the Assumption of
heavier or thin tailed distributions in {x;} and {u;} are in place. Further, in the cases of
autocorrelation in the error term, it appears that the properties of standard methods, such as
the LASSO and DEBIASED LASSO are violated, hence these methods under-perform severely,
making them unreliable, at least in time-series settings.

In Tables E.22 — E.27, E.40 — E.45, and E.58 — E.63 we evaluate the performance measures
reported in (31) across 1000 replications of DGP 1, DGP 2, and DGP 3 respectively. Our
findings are in line with the finding os Table 3 of the main paper and E.3 of the supplement.

Table E.10: See description of Table 1, for |Sy| =3, d =4, DGP 1 (x; ~ i.i.d. N(0,1) and &; ~ t4).

d=4
Panel I
p/T 200 500 1000

¢ 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
LASSO/ GLS LASSO 100 0.993 1.223 1.749 2171 2573 0994 1.183 1.896 2.598 3.129 0.999 1.238 1.731 2431 3.458
GLS LASSO (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02)
LASSO/ GLS LASSO 200 0.997 1.212 1.672 1.991 2389 0.991 1.182 2.013 2.598 3.040 0999 1.218 1.672 2.601 3.466
GLS LASSO (0.03) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01)
LASSO/ GLS LASSO 500 0.997 1.185 1.605 1.967 2.331 0.992 1.265 1.989 2.324 2.829 0.997 1.142 1.893 2.693 3.226
GLS LASSO (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
Panel 11

DEBIASED LASSO/ DEBIASED GLS 100 1.004 1.285 2.069 2.819 3.610 1.001 1.293 2.105 2.967 4.048 1.000 1.292 2.114 3.004 4.178
DEBIASED GLS (0.10) (0.08) (0.07) (0.07) (0.07) (0.06) (0.06) (0.05) (0.05) (0.05) (0.04) (0.04) (0.03) (0.03) (0.03)

DEBIASED LASSO/ DEBIASED GLS 200 1.005 1.290 2.102 2.906 3.657 1.002 1.298 2.109 2.979 4.073 1.001 1.295 2.124 3.016 4.212
DEBIASED GLS (0.09) (0.08) (0.07) (0.07) (0.07) (0.06) (0.05) (0.05) (0.05) (0.05) (0.04) (0.04) (0.03) (0.03) (0.03)
DEBIASED LASSO/ DEBIASED GLS 500 1.007 1.287 2.146 2.954 3.657 1.003 1.300 2.122 3.067 4.190 1.001 1.303 2.117 3.004 4.253
DEBIASED GLS (0.08) (0.07) (0.07) (0.06) (0.06) (0.06) (0.05) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03)
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Table E.11: See description of Table 1, for |So| =3, d =8, DGP 1 (z; ~ i.i.d. N(0,1) and &; ~ tg).

d=38
Panel 1
p/T 200 500 1000

6 0 05 08 09 09 0 05 08 09 09 0 05 08 09 095
LASSO/ GLS LASSO 100 0987 1212 1865 2302 2699 0.99 1200 1755 2522 3281 0.998 1270 1859 2.387 3549
GLS LASSO (0.04) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01)
LASSO/ GLS LASSO 200 0995 1214 1810 2225 2643 0.996 1163 1806 2577 3237 0.999 1251 1649 2287 3513
GLS LASSO (0.03) (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
LASSO/ GLS LASSO 500 0992 1234 1731 2133 2553 0991 1174 2012 2636 3022 0998 1205 1532 2380 3.354
GLS LASSO (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
Panel II

DEBIASED LASSO/ DEBIASED GLS 100 1004 1275 2033 2757 3520 L1001 1290 2009 2.955 4021 1001 1287 2112 3012 4.185
DEBIASED GLS (0.08) (0.07) (0.06) (0.06) (0.06) (0.05) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03)
DEBIASED LASSO/ DEBIASED GLS 200 1006 1284 2057 2811 3572 1002 1296 2101 2.937 4005 1001 1295 2135 3.029 4.184
DEBIASED GLS (0.07) (0.07) (0.06) (0.06) (0.06) (0.05) (0.04) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03)
DEBIASED LASSO/ DEBIASED GLS 500 1009 1266 2068 2.850 3510 1003 1305 2005 2.935 4069 1001 1303 2150 3.031 4.208
DEBIASED GLS (0.07) (0.06) (0.05) (0.05) (0.05) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03)
Table E.12: See description of Table 1, for [So| =3, d =16, DGP 1 (@ ~ i.i.d. N(0,1) and & ~ tg).

d=16
Panel T
/T 200 500 1000

6 0 05 08 09 09 0 05 08 09 09 0 05 08 09 095
LASSO/ GLS LASSO 100 0994 1177 1779 2316 2737 0999 1239 1762 2482 3350 0999 1272 1969 2425 3.541
GLS LASSO (0.03) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01)
LASSO/ GLS LASSO 200 0980 1210 1862 2201 2709 0.994 1185 L1677 2463 3214 0999 1271 L1768 2280 3530
GLS LASSO (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
LASSO/ GLS LASSO 500 0.993 1236 1801 2192 2633 0.994 1149 1865 2586 3.063 1000 1.220 L1514 2299 3.430
GLS LASSO (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
Panel 11

DEBIASED LASSO/ DEBIASED GLS 100 1004 1274 2022 2736 3507 L1001 1204 2109 2.957 3.995 1000 1289 2114 3.016 4.190
DEBIASED GLS (0.07) (0.06) (0.06) (0.06) (0.06) (0.05) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02)
DEBIASED LASSO/ DEBIASED GLS 200 1.007 1281 2028 2750 3515 1002 1299 2114 2940 3.991 1001 1294 2135 3.047 4.201
DEBIASED GLS (0.07) (0.06) (0.05) (0.05) (0.05) (0.05) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02)
DEBIASED LASSO/ DEBIASED GLS 500 1008 1261 2020 2794 3471 1003 1309 2103 2913 402 1001 1302 2172 3.055 4.194
DEBIASED GLS (0.06) (0.06) (0.05) (0.05) (0.05) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02) (0.02)

Table E.13: See description of Table 1, for |Sy| = 7, d = 4, DGP

1 (mt ~ i.i.d. N(O, ].) and gt td)

d=4
Panel 1
p/T 200 500 1000

[} 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
LASSO/ GLS LASSO 100 0.993 1.223 1.749 2.171 2,573 0994 1.183 1.896 2.598 3.129 0.999 1.238 1.731 2431 3.458
GLS LASSO (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02)
LASSO/ GLS LASSO 200 0.997 1.212 1.672 1.991 2.389 0.991 1.182 2.013 2.598 3.040 0.999 1218 1.672 2.601 3.466
GLS LASSO (0.03) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01)
LASSO/ GLS LASSO 500 0.997 1.185 1.605 1.967 2.331 0.992 1.265 1.989 2.324 2.829 0.997 1.142 1.893 2.693 3.226
GLS LASSO (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
Panel 11

DEBIASED LASSO/ DEBIASED GLs 100 1.002 1.262 1.977 2.658 3.368 1.000 1.283 2.068 2.878 3.892 1.000 1.288 2.105 2.979 4.103
DEBIASED GLS (0.10)  (0.09) (0.08) (0.08) (0.08) (0.06) (0.06) (0.05) (0.05) (0.05) (0.04) (0.04) (0.03) (0.03) (0.03)
DEBIASED LASSO/ DEBIASED GLS 200 1.006 1.255 1.980 2.696 3.419 1.001 1.294 2087 2.881 3.894 1.000 1.293 2.130 3.009 4.127
DEBIASED GLS (0.09) (0.08) (0.07) (0.07) (0.07) (0.06) (0.05) (0.05) (0.05) (0.05) (0.04) (0.04) (0.03) (0.03) (0.03)
DEBIASED LASSO/ DEBIASED GLS 500 1.007 1.247 2.014 2.798 3.461 1.003 1.307 2.055 2.865 3.960 1.001 1.307 2.178 3.012 4.124
DEBIASED GLS (0.08) (0.07) (0.07) (0.07) (0.07) (0.06) (0.05) (0.05) (0.05) (0.05) (0.04) (0.04) (0.03) (0.03) (0.03)
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Table E.14: See description of Table 1, for |Sy| =7, d =, DGP 1 (a; ~ i.i.d. N(0,1) and &; ~ tg).
d=38
Panel I
p/T 200 500 1000

¢ 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
LASSO/ GLS LASSO 100 0.987 1.212 1.865 2.302 2.699 0996 1.209 1.755 2.522 3.281 0.998 1.270 1.859 2.387 3.549
GLS LASSO (0.04) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01)
LASSO/ GLS LASSO 200 0.995 1.214 1.810 2225 2.643 0.996 1.163 1.806 2.577 3.237 0999 1.251 1.649 2.287 3.513
GLS LASSO (0.03) (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
LASSO/ GLS LASSO 500 0.992 1.234 1.731 2.133 2553 0.991 1.174 2.012 2.636 3.022 0.998 1.205 1.532 2.389 3.354
GLS LASSO (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
Panel 11

DEBIASED LASSO/ DEBIASED GLS 100 1.002 1.257 1.959 2.617 3.302 1.001 1.285 2.084 2.899 3.882 1.000 1.285 2.100 2.981 4.117
DEBIASED GLS (0.08) (0.07) (0.06) (0.06) (0.06) (0.05) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03)
DEBIASED LASSO/ DEBIASED GLS 200 1.005 1.259 1.953 2.609 3.284 1.001 1.292 2.106 2.890 3.840 1.001 1.289 2117 3.013 4.117
DEBIASED GLS (0.07) (0.07) (0.06) (0.06) (0.06) (0.05) (0.04) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03)
DEBIASED LASSO/ DEBIASED GLS 500 1.007 1.239 1.885 2.598 3.268 1.002 1.312 2.151 2867 3.863 1.001 1.298 2.170 3.067 4.083
DEBIASED GLS (0.07) (0.06) (0.06) (0.06) (0.06) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03)

Table E.15: See description of Table 1, for |[So| =7, d =, DGP 1 (x¢

~iid. N(0,1) and g; ~ tg).

d =16
Panel I
p/T 200 500 1000

[ 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
LASSO/ GLS LASSO 100 0994 1.177 1.779 2316 2.737 0999 1.239 1.762 2482 3.350 0.999 1.272 1.969 2.425 3.541
GLS LASSO (0.03) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01)
LASSO/ GLS LASSO 200 0.989 1.210 1.862 2.291 2.709 0.994 1.185 1.677 2463 3.214 0999 1.271 1.768 2.280 3.530
GLS LASSO (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
LASSO/ GLS LASSO 500 0.993 1.236 1.801 2192 2.633 0994 1.149 1.865 2.586 3.063 1.000 1.220 1.514 2299 3.430
GLS LASSO (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
Panel 11

DEBIASED LASSO/ DEBIASED GLS 100 1.003 1.257 1.959 2.605 3.278 1.001 1.287 2.090 2903 3.875 1.000 1.284 2102 2980 4.121
DEBIASED GLS (0.07) (0.07) (0.06) (0.06) (0.06) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.02)
DEBIASED LASSO/ DEBIASED GLS 200 1.005 1.254 1.949 2579 3.262 1.001 1.290 2.110 2.898 3.828 1.001 1.289 2112 3.006 4.124
DEBIASED GLS (0.07) (0.06) (0.06) (0.06) (0.06) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.02) (0.02)
DEBIASED LASSO/ DEBIASED GLS 500 1.009 1.241 1.857 2.506 3.175 1.002 1.304 2.196 2.897 3.826 1.001 1.298 2.148 3.085 4.093
DEBIASED GLS (0.06) (0.06) (0.05) (0.05) (0.05) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02) (0.02)

Table E.16: See description of

Table 2, for |Sp| =3, d =4, DGP

1 (x; ~1id. N(0,1) and g; ~ tg).

Size adjusted power and standard errors

d=4
p/T 200 500 1000
é 0 05 08 09 095 0 05 08 09 09 0 05 08 09 095
GLS LASSO 100 0.764 0.786 0.823 0.825 0.825 0.855 0872 0.883 0.884 0891 0895 0916 0927 0930 0.930
(s.e.) (0.10) (0.09) (0.08) (0.08) (0.08) (0.06) (0.06) (0.05) (0.05) (0.05) (0.04) (0.04) (0.04) (0.03) (0.03)
LASSO 0764 0.724 0.630 0532 0410 0857 0.835 0.773 0.710 0582 0894 0884 0839 0.786 0.717
(s.c.) (0.10) (0.11) (0.16) (0.21) (0.27) (0.06) (0.07) (0.10) (0.14) (0.19) (0.04) (0.05) (0.07) (0.10) (0.14)
GLS LASSO 200 0.785 0.823 0.839 0852 0.854 0875 0.899 0903 0911 0908 0915 0921 0933 0937 0941
(s.e.) (0.10) (0.09) (0.08) (0.08) (0.08) (0.06) (0.06) (0.05) (0.05) (0.05) (0.04) (0.04) (0.03) (0.03) (0.03)
LASSO 0791 0.753 0.677 0.568 0441 0.878 0.856 0.780 0.719 0.639 0916 0.898 0.849 0.813 0.730
(s.c.) (0.10) (0.11) (0.16) (0.21) (0.27) (0.06) (0.07) (0.10) (0.14) (0.19) (0.04) (0.05) (0.07) (0.10) (0.14)
GLS LASSO 500 0.805 0.811 0.832 0837 0.836 0867 0.885 0.892 0900 0903 0912 0919 0932 0937 0935
(s.c.) (0.10) (0.09) (0.08) (0.08) (0.08) (0.06) (0.06) (0.05) (0.05) (0.05) (0.04) (0.04) (0.04) (0.03) (0.03)
LASSO 0803 0.780 0.693 0.621 0527 0.868 0.854 0.787 0.699 0.616 0911 0898 0.855 0.801 0.723
(s.c.) (0.10) (0.11) (0.16) (0.21) (0.27) (0.06) (0.07) (0.10) (0.14) (0.19) (0.04) (0.05) (0.07) (0.10) (0.14)
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Table E.17: See description of Table 2, for |Sy| =3, d =8, DGP 1 (x; ~ i.i.d. N(0,1) and &; ~ t4).

Size adjusted power and standard errors

d=3
p/T 200 500 1000

¢ 0 05 08 09 095 0 05 08 09 095 0 05 08 09 095
GLS LASSO 100 0.823 0.826 0.857 0.863 0.853 0.891 0.892 0.902 0.906 0908 0920 0.928 00933 0937 0.941
(s..) (0.08) (0.07) (0.07) (0.07) (0.07) (0.05) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03)

LASSO 0824 0772 0.714 0627 0505 0.888 0888 0824 0759 0662 0919 0903 0876 0.837 0.773

(s.e.) (0.08) (0.09) (0.13) (0.17) (0.22) (0.05) (0.06) (0.09) (0.12) (0.16) (0.04) (0.04) (0.06) (0.08) (0.11)

GLS LASSO 200 0.834 0.856 0.877 0874 0.884 0900 0907 0924 0919 0928 0923 0932 0944 0945 0.949
(s.e.) (0.08) (0.07) (0.07) (0.07) (0.07) (0.05) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03)

LASSO 0836 0.790 0.717 0.628 0533 0900 083 0825 0767 0.684 0922 0913 0883 0.832 0.776

(s.e.) (0.08) (0.09) (0.13) (0.17) (0.22) (0.05) (0.06) (0.09) (0.12) (0.16) (0.04) (0.04) (0.06) (0.08) (0.11)

GLS LASSO 500 0.828 0.835 0.847 0848 0.845 0.890 0902 0915 0918 0914 0925 0930 0943 0947 0.948
(s.e.) (0.08) (0.08) (0.07) (0.07) (0.07) (0.05) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03)

LASSO 0822 0.806 0.748 0.664 0568 0.891 0.873 0.827 0766 0.686 0925 0911 0870 0.826 0.763

(s.e.) (0.08) (0.09) (0.13) (0.17) (0.23) (0.05) (0.06) (0.09) (0.12) (0.16) (0.04) (0.04) (0.06) (0.08) (0.11)

Table E.18: See description of Table 2, for |Sy| = 3, d = 16, DGP 1 (x; ~ i.i.d. N(0,1) and &; ~ t4).

Size adjusted power and standard errors

d=16
p/T 200 500 1000
1) 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
GLS LASSO 100 0.829 0.851 0.860 0.856 0.855 0.881 0.895 0.912 0917 0916 0.922 0.923 0932 0936 0.934
(s.e.) (0.07) (0.07) (0.06) (0.06) (0.06) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03)
LASSO 0.833 0.799 0.703 0.627 0.566 0.879 0.873 0.809 0.748 0.641 0.923 0916 0.882 0.835 0.796
(s.e.) (0.08) (0.09) (0.12) (0.16) (0.21) (0.05) (0.06) (0.08) (0.11) (0.14) (0.03) (0.04) (0.06) (0.08) (0.10)
GLS LASSO 200 0.847 0.859 0.877 0.882 0.886 0918 0.921 0.930 0.936 0.936 0.936 0.943 0.949 0.951 0.955
(s.e.) (0.08) (0.07) (0.06) (0.06) (0.06) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03)
LASSO 0.847 0.816 0.741 0.649 0.548 0.918 0.899 0.849 0.796 0.746 0.934 0.925 0.891 0.852 0.801
(s.e.) (0.08) (0.09) (0.12) (0.16) (0.21) (0.05) (0.06) (0.08) (0.11) (0.14) (0.03) (0.04) (0.06) (0.08) (0.11)
GLS LASSO 500 0.834 0.836 0.857 0.858 0.859 0.905 0.915 0.923 0.929 0.929 0.922 0.932 0.943 0.949 0.951
(s.e.) (0.08) (0.07) (0.06) (0.06) (0.07) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03)
LASSO 0.836 0.817 0.761 0.682 0.583 0.906 0.889 0.839 0.783 0.720 0.923 0916 0.879 0.836 0.775
(s.e.) (0.08) (0.09) (0.12) (0.16) (0.21) (0.05) (0.06) (0.08) (0.11) (0.14) (0.03) (0.04) (0.06) (0.08) (0.11)
Table E.19: See description of Table 2, for |So| =7, d =4, DGP 1 (z; ~ i.i.d. N(0,1) and &; ~ tg).
Size adjusted power and standard errors
d=4
p/T 200 500 1000

1) 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
GLS LASsO 100 0.721 0.725 0.734 0.733 0.719 0.761 0.762 0.761 0.753 0.748 0.731 0.737 0.740 0.749 0.749
(s.e.) (0.10) (0.09) (0.09) (0.09) (0.09) (0.06) (0.06) (0.05) (0.05) (0.05) (0.04) (0.04) (0.04) (0.03) (0.04)
LASSO 0.723 0.677 0.580 0.464 0.428 0.762 0.741 0.676 0.602 0.529 0.730 0.737 0.726 0.727 0.625
(s.e.) (0.10) (0.12) (0.16) (0.21) (0.28) (0.06) (0.07) (0.11) (0.14) (0.19) (0.04) (0.05) (0.07) (0.10) (0.14)
GLS LASSO 200 0.755 0.773 0.795 0.799 0.802 0.851 0.861 0.882 0.886 0.884 0.894 0.909 0.919 0.921 0.922
(s.e.) (0.10) (0.10) (0.09) (0.09) (0.09) (0.06) (0.06) (0.05) (0.05) (0.05) (0.05) (0.04) (0.04) (0.03) (0.04)
LASSO 0.754 0.723 0.634 0.524 0.432 0.851 0.839 0.772 0.699 0.609 0.894 0.879 0.832 0.778 0.704
(s.e.) (0.10) (0.12) (0.16) (0.22) (0.28) (0.06) (0.07) (0.11) (0.14) (0.19) (0.05) (0.05) (0.07) (0.10) (0.14)
GLS LASSO 500 0.776 0.781 0.799 0.792 0.796 0.861 0.877 0.888 0.890 0.891 0.903 0.911 0.925 0.926 0.925
(s.e.) (0.11) (0.10) (0.09) (0.09) (0.10) (0.06) (0.06) (0.05) (0.05) (0.06) (0.05) (0.04) (0.04) (0.04) (0.04)
LASSO 0.774 0.742 0.660 0.529 0.421 0.861 0.844 0.779 0.702 0.605 0.903 0.888 0.840 0.784 0.708
(s.e) (0.11) (0.12) (0.17) (0.22) (0.28) (0.06) (0.07) (0.11) (0.14) (0.19) (0.05) (0.05) (0.07) (0.10) (0.14)
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Table E.20: See description of Table 2, for |So| =7, d =8, DGP 1 (x; ~ i.i.d. N(0,1) and &; ~ t4).

Size adjusted power and standard errors

d=3
p/T 200 500 1000
é 0 05 08 09 095 0 05 08 09 095 0 05 08 09 095
GLS LASSO 100 0.697 0.684 0.700 0.717 0.699 0.762 0.784 0.784 0.786 0.792 0.735 0.737 0.737 0.747 0.735
(s.c.) (0.08) (0.08) (0.07) (0.07) (0.07) (0.05) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03)
LASSO 0.692 0.658 0.600 0551 0481 0760 0.763 0.718 0.674 0562 0.734 0726 0.712 0.695 0.660
(s.c.) (0.08) (0.10) (0.13) (0.18) (0.23) (0.05) (0.06) (0.09) (0.12) (0.16) (0.04) (0.04) (0.06) (0.08) (0.11)
GLS LASSO 200 0.808 0.817 0.836 0.843 0.838 0.884 0.896 0907 0910 0911 0914 0924 0934 0934 0935
(s.c.) (0.08) (0.08) (0.07) (0.07) (0.08) (0.05) (0.05) (0.04) (0.04) (0.05) (0.04) (0.03) (0.03) (0.03) (0.03)
LASSO 0.809 0.782 0.687 0.598 0514 0.883 0.870 0810 0744 0.652 0914 0903 0.867 0817 0.755
(s.c.) (0.09) (0.10) (0.14) (0.18) (0.23) (0.05) (0.06) (0.09) (0.12) (0.16) (0.04) (0.04) (0.06) (0.08) (0.11)
GLS LASSO 500 0.811 0.831 0.838 0.838 0.839 0.890 0.898 0909 0910 0908 0919 0927 0937 0938 0938
(s.c.) (0.09) (0.08) (0.08) (0.08) (0.08) (0.05) (0.05) (0.04) (0.04) (0.05) (0.04) (0.03) (0.03) (0.03) (0.03)
LASSO 0812 0786 0.715 0.632 0.546 0.888 0.868 0.812 0.753 0.663 0.920 0.908 0.871 0.828 0.755
(s.e.) (0.09) (0.10) (0.14) (0.18) (0.23) (0.05) (0.06) (0.09) (0.12) (0.16) (0.04) (0.04) (0.06) (0.08) (0.11)

Table E.21: See description of Table 2, for |Sy| =7, d = 16, DGP 1 (x; ~ i.i.d. N(0,1) and &; ~ t4).

Size adjusted power and standard errors

d=16
p/T 200 500 1000

¢ 0O 05 08 09 09 0 05 08 09 09 0 05 08 09 095
GLs LAsso 100 0.677 0.700 0709 0.715 0.705 0777 0.779 0.777 0778 0.772 0747 0.737 0.735 0.738 0.739
(s.e.) (0.08) (0.07) (0.06) (0.07) (0.07) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03)

LASSO 0.676  0.675 0.630 0.559 0488 0776 0.765 0.719 0.691 0.638 0746 0747 0.753 0.752 0.719

(s.e.) (0.08) (0.09) (0.12) (0.16) (0.21) (0.05) (0.06) (0.08) (0.11) (0.15) (0.03) (0.04) (0.06) (0.08) (0.11)

GLS LASSO 200 0.806 0818 0837 0.839 0.841 0891 0897 0911 0914 0912 0928 0931 0942 0945 0.945
(s.e.) (0.08) (0.07) (0.07) (0.07) (0.07) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03)

LASSO 0.807 0.788 0.700 0.623 0534 0891 0.869 0817 0754 0683 0928 0915 0874 0829 0.774

(s.e.) (0.08) (0.09) (0.13) (0.17) (0.21) (0.05) (0.06) (0.08) (0.11) (0.15) (0.03) (0.04) (0.06) (0.08) (0.11)

GLS LASSO 500 0818 0.827 0841 0842 0.840 0894 0901 0912 0912 0914 0925 0931 0941 0944 0.943
(s.e.) (0.08) (0.08) (0.07) (0.07) (0.08) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03)

LASSO 0.818 0796 0.722 0.662 0555 0.893 0.878 0830 0.770 0.695 0924 0913 0876 0.833 0.772

(s.c.) (0.08) (0.09) (0.13) (0.17) (0.22) (0.05) (0.06) (0.08) (0.11) (0.15) (0.03) (0.04) (0.06) (0.08) (0.11)

Table E.22: See description of Table 3, for [Sy| = 3. d =4, DGP 1 (z; ~i.i.d. N(0,1) and g; ~ t4).

d=4
p/T 200 500 1000

¢ 0 05 08 09 09 0 05 08 09 09 0 05 08 09 09
DEBIASED LAsSO  AvgCov S, 100 0.928 0927 0937 0939 0939 0940 0.937 0943 0.945 0.950 0.942 0936 0935 0937 0.942
AvgCov S§ 0.955 0.954 0.951 0.950 0.948 0951 0952 0951 0.950 0.950 0.951 0.951 0.952 0.952 0.953

AvgLength 0.389 0444 0.624 0.824 1065 0247 0284 0406 0551 0.747 0.175 0.202 0.290 0396 0.545

AvgLengthe 0.389 0444 0.624 0.824 1065 0247 0284 0406 0551 0.747 0.175 0.202 0.290 0396 0.545

DEBIASED GLS  AvgCov Sy 0.926 0925 0.925 0926 0932 0939 0.935 0930 0934 0.941 0.940 0940 0.938 0.937 0.943
AvgCov S5 0.954 0.956 0.960 0.963 0.966 0951 0953 0954 0958 0.962 0.951 0.952 0.952 0.954 0.959

AvgLength 0.386 0.351 0.314 0309 0316 0246 0221 0.195 0.190 0.193 0.175 0.157 0137 0.132 0.134

AvgLengthe 0.386 0.351 0.314 0309 0315 0246 0221 094 0190 0.192 0.175 0.157 0137 0.132 0.134

DEBIASED LAsSO  AvgCov Sy 200 0.916 0932 0936 0937 0938 0934 0939 0944 0.945 0944 0933 0932 0940 0943 0.944
AvgCov S 0.962 0961 0.957 0.955 0954 0955 0.954 0.954 0953 0951 0.953 0952 0953 0.952 0.951

AvgLength 0.391 0447 0.627 0.824 1057 0248 0285 0407 0551 0.744 0.175 0.202 0.290 0.395 0.544

AvgLength® 0.391 0447 0.627 0.823 1057 0248 0285 0407 0551 0.744 0175 0.202 0.200 0395 0.544

DEBIASED GLS  AvgCov Sy 0.911 0.908 0.903 0.907 0915 0932 0932 0924 0928 0.933 0.933 0.933 0929 0932 0938
AvgCov S 0.961 0964 0.968 0.969 0972 0954 0.956 0.958 0962 0.965 0.952 0953 0.954 0.957 0.963

AvgLength 0.389 0.354 0.319 0311 0320 0247 0222 0196 0.194 0.194 0.175 0.157 0137 0.134 0.136

AvgLength 0.389 0.353 0.318 0311 0319 0247 0222 0196 0194 0194 0175 0.157 0137 0134 0.136

DEBIASED 1ASSO  AvgCov S 500 0.919 0.922 0937 0.950 0.951 0934 0929 0.943 0.948 0950 0.944 0.941 0939 0.943 0.948
AvgCov S 0.972 0971 0.964 0.960 0959 0961 0.962 0.961 0957 0.955 0.956 0955 0.957 0.956 0.954

AvgLength 0302 0448 0.628 0.827 1.066 0250 0288 0411 0557 0.752 0.175 0.202 0.200 0396 0.544

AvgLength 0.302 0447 0.628 0.826 1.066 0250 0288 0411 0557 0.752 0.175 0.202 0.290 0396 0.544

DEBIASED GLS  AvgCov Sp 0.913 0903 0.895 0.898 0904 0934 0.923 0916 0915 0.923 0.944 0937 0.929 0.936 0.940
AvgCov S 0.972 0974 0.976 0.978 0980 0961 0.964 0.968 0970 0.973 0.956 0957 0.958 0.963 0.965

AvgLength 0.380 0356 0.320 0.317 0320 0249 0.224 0200 0.195 0.198 0.175 0.157 0138 0.136 0.136

AvgLengthe 0389 0.356 0.319 0316 0328 0249 0224 0200 0.195 0.198 0.175 0.157 0.138 0.136 0.136
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Table E.23: See description of Table 3, for |[So| =3.d =8, DGP 1 (z; ~ i.i.d. N(0,1) and &; ~ t4).
d=38
p/T 200 500 1000
¢ 0 05 08 09 09 0 05 08 09 09 0 05 08 09 095
DEBIASED LASSO  AvgCov S, 100 0918 0922 0.934 0.933 0.934 0927 0926 0.938 0.943 0.948 0925 0937 0942 0.942 0.948
AvgCov S5 0.954 0955 0.953 0.952 0951 0.952 0952 0.951 0951 0.950 0.951 0.951 0.952 0951 0.951
AvgLength 0.319 0364 0511 0675 0.874 0.202 0.233 0333 0452 0.612 0.143 0.165 0237 0323 0.444
AvgLength 0.319 0364 0511 0.675 0874 0.202 0233 0.333 0452 0.612 0.143 0.165 0.237 0323 0.443
DEBIASED LS AvgCov S, 0.915 0.906 0.904 0914 0.918 0.928 0.915 0916 0925 0934 0.924 0.920 0.923 0923 0927
AvgCov 55 0.954 0.956 0.961 0.964 0967 0.952 0953 0.953 0.957 0.963 0.951 0952 0.953 0955 0.960
AvgLength 0.317 0288 0260 0257 0.263 0.202 0.182 0.160 0.57 0.160 0.143 0.128 0.112 0.108 0.109
AvgLength® 0.317 0288 0259 0257 0.263 0.202 0.182 0160 0.157 0.160 0.143 0.128 0.112 0.108 0.109
DEBIASED LASSO  AvgCov S, 200 0918 0.925 0939 0939 0.941 0930 0.936 0947 0.951 0951 0.932 0.938 0946 0.950 0.950
AvgCov S5 0.962 0.963 0.959 0.957 0955 0.955 0954 0.955 0.954 0.952 0.953 0953 0.952 0953 0.952
AvgLength 0.321 0367 0514 0676 0.870 0.203 0.233 0334 0451 0.611 0.143 0.165 0237 0323 0.444
AvgLengthe 0.321 0.366 0514 0676 0.870 0.203 0.233 0333 0451 0.611 0.143 0.165 0.237 0323 0444
DEBIASED GLS  AvgCov S, 0.915 0.904 0907 0908 0.918 0.931 0.927 0917 0924 0927 0.930 0.927 0915 0917 0.926
AvgCov 55 0.962 0.965 0.969 0.972 0974 0.955 0957 0.958 0.963 0.967 0.953 0954 0.955 0957 0.964
AvgLength 0.319 0290 0263 0261 0.269 0.202 0.182 0.160 0.160 0.163 0.143 0.128 0.112 0.109 0.112
AvgLength 0.319 0290 0263 0261 0.269 0.202 0.182 0.160 0.160 0.163 0.143 0.128 0.112 0.109 0.112
DEBIASED LASSO  AvgCov Sy 500 0901 0911 0.926 0.942 0.941 0925 0932 0.939 0.944 0.947 0929 0936 0944 0.944 0.946
AvgCov 55 0.973 0.974 0969 0.964 0962 0.961 0961 0.962 0.960 0.956 0.958 0957 0.956 0957 0.955
AvgLength 0.324 0370 0519 0.685 0.885 0.204 0.235 0335 0454 0.612 0.143 0.165 0237 0323 0.445
AvgLength® 0.324 0370 0519 0685 0.884 0.204 0.235 0335 0454 0.611 0.143 0.165 0237 0323 0.445
DEBIASED GLs  AvgCov S 0.893 0.885 0.872 0.876 0.890 0.924 0921 0.918 0.925 0927 0.928 0925 0.923 0928 0.933
AvgCov S 0.973 0.976 0979 0981 0.983 0.961 0.963 0967 0971 0.973 0.958 0.959 0959 0964 0.968
AvgLength 0.322 0295 0268 0268 0.281 0.203 0.183 0.163 0163 0.164 0.143 029 0.12 0.111 0.114
AvgLength® 0.322 0204 0267 0268 0.281 0.203 0.83 0.163 0.163 0.164 0.143 0129 0.112 0111 0.114
Table E.24: See description of Table 3, for |Sy| = 3. d = 16, DGP 1 (x; ~ i.i.d. N(0,1) and &; ~ tg).
d=16
p/T 200 500 1000
6 0 05 08 09 09 0 05 08 09 095 0 05 08 09 095
DEBIASED LASSO  AvgCov S 100 0.912 0921 0932 0.936 0.939 0929 0.931 0.936 0945 0.946 0.930 0936 0943 0.948 0.947
AvgCov 55 0.954 0.954 0954 0953 0.951 0.951 0951 0.951 0.950 0950 0.951 0.951 0950 0.951 0.951
AvgLength 0296 0.337 0474 0.626 0.809 0.187 0216 0.309 0.418 0566 0.133 0.153 0219 0.300 0.412
AvgLength® 0.205 0337 0474 0.625 0809 0187 0.216 0308 0418 0.566 0.132 0.153 0219 0.299 0412
DEBIASED GLS  AvgCov So 0.909 0902 0.901 0.908 0.920 0928 0.928 0.923 0923 0932 0.931 0928 0923 0.924 0.931
AvgCov 55 0.953 0.956 0.960 0.963 0.967 0951 0953 0.954 0.958 0964 0.950 0.951 0952 0.954 0.959
AvgLength 0204 0267 0.240 0.239 0246 0.187 0.168 0.148 0.145 0149 0.132 0.119 0.104 0.100 0.101
AvgLength® 0204 0267 0239 0.239 0245 0187 0.168 0.148 0.145 0.149 0.132 0.119 0.104 0.100 0.101
DEBIASED LASSO  AvgCov S, 200 0.911 0.921 0933 0.934 0.941 0926 0.928 0.929 0939 0.942 0.932 0927 0.939 0.935 0939
AvgCov S5 0.963 0.963 0961 0.958 0.956 0.955 0954 0.955 0.955 0953 0.953 0.953 0952 0.952 0.952
AvgLength 0208 0340 0476 0.627 0.807 0188 0.216 0.309 0418 0.566 0.133 0.153 0219 0.299 0412
AvgLength® 0208 0340 0476 0.627 0.807 0188 0.216 0309 0418 0.566 0.133 0.153 0219 0.299 0412
DEBIASED GLS  AvgCov So 0.905 0.806 0.804 0900 0.011 0.923 0925 0.919 0.924 0935 0.932 0.925 0914 0915 0.931
AvgCov S5 0.963 0.965 0969 0971 0.974 0955 0957 0.958 0.962 0.967 0.953 0.955 0956 0.957 0.964
AvgLength 0206 0269 0.244 0.244 0251 0187 0.169 0.148 0.148 0.151 0132 0119 0104 0.101 0.103
AvgLength® 0206 0269 0.244 0.243 0251 0187 0.169 0.148 0.48 0151 0.32 0119 0104 0.101 0.103
DEBIASED 1ASSO  AvgCov S, 500 0.900 0.905 0919 0.934 0.943 0920 0.930 0.938 0940 0.946 0.926 0931 0.941 0.946 0.954
AvgCov S 0.974 0974 0.970 0.965 0963 0962 0.961 0.963 0961 0.958 0.959 0958 0.956 0.958 0.956
AvgLength 0.301 0343 0482 0.636 0823 0189 0.217 0311 0420 0.567 0.133 0153 0.220 0.300 0413
AvgLength® 0.301 0343 0482 0.636 0822 0189 0.217 0311 0420 0.567 0.133 0153 0.220 0.300 0413
DEBIASED GLS  AvgCov S 0.802 0.881 0.877 0.878 0.889 0927 0922 0.909 0.920 0927 0.926 0.914 0905 0.909 0.925
AvgCov S5 0.974 0.976 0979 0981 0.983 0962 0963 0.966 0.971 0973 0.958 0.960 0960 0.964 0.970
AvgLength 0299 0273 0.249 0.250 0262 0188 0.170 0.50 0.152 0.153 0.133 0119 0.104 0.102 0.106
AvgLength® 0298 0273 0.249 0.250 0262 0188 0.170 0150 0.152 0.153 0.133 0119 0.104 0.102 0.106
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Table E.25: See description of Table 3, for |Sy| = 7. d =4, DGP 1 (2 ~ i.i.d. N(0,1) and &; ~ tg).
d=1
p/T 200 500 1000
¢ 0 05 08 09 09 0 05 08 09 095 0 05 08 09 09
DEBIASED LASSO  AvgCov S 100 0.927 0.920 0934 0.941 0.943 0933 0939 0.944 0.948 0946 0.937 0.942 0943 0.946 0.946
AvgCov S 0.958 0957 0.956 0.953 0952 0955 0.954 0955 0954 0.953 0.952 0951 0.951 0.952 0.953
AvgLength 0400 0457 0.640 0.841 1083 0250 0.288 0412 0558 0.755 0.176 0203 0.201 0.397 0.546
AvgLength 0400 0457 0.639 0.841 1082 0250 0.288 0412 0558 0.754 0.176 0203 0.201 0.397 0.546
DEBIASED GLS  AvgCov Sy 0.923 0922 0.922 0930 0935 0932 0.930 0.930 0936 0.946 0.937 0936 0936 0.938 0.947
AvgCov S 0.957 0958 0.963 0.967 0970 0955 0.954 0955 0962 0.968 0.952 0952 0.953 0.957 0.963
AvgLength 0.398 0365 0.334 0.337 0348 0250 0.225 0.199 0199 0.206 0.176 0.158 0.139 0.135 0.139
AvgLength® 0.398 0364 0.333 0.337 0348 0250 0.225 0.199 0199 0.206 0.176 0.158 0.139 0.135 0.139
DEBIASED LASSO  AvgCov Sp 200 0.922 0920 0937 0941 0948 0933 0938 0.945 0.941 0.942 0941 0941 0947 0.948 0.949
AvgCov S 0.967 0968 0.965 0.960 0957 0957 0.956 0.958 0956 0.954 0.955 0955 0.954 0.954 0.953
AvgLength 0407 0464 0.645 0.843 1082 0251 0.289 0412 0558 0.754 0.177 0204 0.202 0.399 0.549
AvgLength® 0407 0464 0.645 0.843 1081 0251 0.289 0412 0558 0.754 0.177 0204 0.202 0.399 0.549
DEBIASED GLS  AvgCov Sy 0920 0.916 0.917 0.924 0931 0932 0932 0927 0938 0.944 0.939 0.939 0936 0941 0.952
AvgCov S 0.967 0969 0.974 0.977 0979 0957 0.959 0.961 0968 0.972 0.954 0956 0.957 0.961 0.968
AvgLength 0404 0373 0346 0.349 0359 0251 0.227 0202 0205 0.212 0176 0159 0.140 0.137 0.143
AvgLength® 0404 0373 0346 0.348 0359 0251 0.227 0202 0205 0.212 0.176 0159 0.140 0.137 0.143
DEBIASED LASSO  AvgCov S 500 0.907 0911 0930 0.940 0.945 0930 0.936 0.938 0941 0946 0.928 0.934 0944 0.949 0.951
AvgCov S 0.981 0980 0.973 0.965 0963 0965 0.965 0.967 0963 0.960 0.961 0959 0.958 0.960 0.958
AvgLength 0416 0474 0.659 0.862 1107 0254 0.203 0418 0564 0.759 0.178 0205 0.204 0.401 0.552
AvgLength 0416 0474 0.659 0.862 1106 0254 0293 0418 0564 0.759 0.178 0.205 0.294 0401 0.552
DEBIASED GLS  AvgCov Sp 0.03 0.891 0.888 0.892 0.908 0928 0.917 0.922 0933 0936 0.928 0927 0921 0.930 0.941
AvgCov S 0.981 0981 0.984 0.986 0987 0965 0.967 0.972 0976 0.978 0.961 0963 0.963 0.969 0.974
AvgLength 0413 0383 0358 0.363 0378 0253 0.229 0208 0213 0.217 0.177 0160 0.141 0.142 0.148
AvgLength® 0413 0383 0358 0.363 0378 0253 0.229 0208 0212 0.217 0.177 0160 0141 0.142 0.148
Table E.26: See description of Table 3, for [So| =7.d =8, DGP 1 (z; ~i.i.d. N(0,1) and g; ~ t4).
d=38
p/T 200 500 1000
¢ 0 05 08 09 09 0 05 08 09 09 0 05 08 09 095
DEBIASED LASSO  AvgCov S, 100 0918 0922 0.930 0.934 0.938 0927 0932 0940 0.945 0.946 0.928 0933 0946 0.948 0.947
AvgCov S 0.957 0.957 0957 0955 0.952 0.955 0.953 0953 0952 0.952 0.951 0.951 0950 0951 0.952
AvgLength 0.320 0.375 0526 0692 0.892 0.205 0.236 0337 0456 0.618 0.144 0.166 0.238 0325 0447
AvgLength® 0.320 0375 0526 0.692 0.891 0.205 0236 0337 0456 0.618 0.144 0.166 0.238 0.325 0.447
DEBIASED GLs  AvgCov S, 0.916 0.909 0907 0919 0.930 0.928 0.925 0923 0927 0.937 0.927 0.925 0919 0922 0.930
AvgCov S 0.956 0.957 0961 0967 0.971 0.954 0.955 0957 0962 0.968 0.951 0.952 0.955 0959 0.964
AvgLength 0.327 0300 0273 0279 0.200 0.204 0.184 0164 0.163 0.170 0.144 0120 0.114 0.112 0.113
AvgLength 0.327 0300 0273 0279 0.200 0.204 0.184 0164 0163 0170 0.144 0129 0.114 0.112 0.113
DEBIASED LASSO  AvgCov Sy 200 0913 0921 0.934 0.936 0.939 0930 0931 0941 0.944 0.944 0934 0936 0941 0.942 0.944
AvgCov S 0.967 0.967 0967 0964 0.961 0.958 0.956 0956 0957 0.955 0.954 0.954 0953 0954 0.955
AvgLength 0.335 0.382 0533 0697 0.893 0.206 0.237 0338 0457 0.618 0.144 0.166 0239 0326 0.448
AvgLength 0.335 0.382 0532 0697 0.893 0.206 0.237 0338 0457 0.618 0.144 0.166 0239 0326 0.448
DEBIASED GLs  AvgCov S, 0.911 0.904 0902 0913 0.923 0.928 0.921 0914 0924 0936 0.933 0.929 0926 0927 0.939
AvgCov S 0.966 0.968 0972 0976 0.980 0.958 0.960 0962 0967 0.973 0.954 0.955 0959 0961 0.968
AvgLength 0.333 0307 0284 0290 0.303 0.205 0.186 0.166 0.168 0.177 0.144 0.130 0.116 0.112 0.116
AvgLength 0.333 0307 0284 0289 0303 0.205 0.186 0166 0.167 0177 0.144 0130 0.116 0.112 0.116
DEBIASED LASSO  AvgCov Sy 500 0902 0911 0.922 0.936 0.946 0919 0920 0939 0.939 0.943 0.920 0920 0935 0.941 0.947
AvgCov S 0.981 0.981 0979 0973 0.968 0.968 0.967 0967 0967 0.963 0.960 0.960 0.958 0959 0.959
AvgLength 0.344 0392 0547 0716 0.917 0.208 0240 0342 0462 0.622 0.145 0167 0.240 0.327 0.451
AvgLength 0.344 0392 0547 0716 0916 0.208 0.240 0.342 0462 0.622 0.145 0.167 0.240 0327 0451
DEBIASED GLs  AvgCov Sy 0.896 0.884 0.884 0897 0.911 0.917 0.907 0900 0912 0925 0.928 0.924 0922 0925 0937
AvgCov S 0.981 0.981 0985 0987 0.988 0.968 0.970 0972 0978 0.980 0.960 0.963 0.965 0969 0.975
AvgLength 0.342 0317 0299 0305 0320 0.208 0.189 0169 0175 0182 0.145 0.131 0.117 0.115 0.122
AvgLength 0.342 0317 0299 0305 0.319 0.208 0189 0.169 0.175 0.182 0.145 0131 0.117 0.115 0.122
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Table E.27: See description of Table 3, for |Sy| = 7. d = 16, DGP 1 (x; ~ i.i.d. N(0,1) and &, ~ t4).
d=16
p/T 200 500 1000
0] 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
DEBIASED LASSO  AvgCov S, 100 0.916 0.921 0.931 0.935 0.941 0.922 0.924 0.935 0.938 0.944 0.934 0.939 0.947 0.949 0.952
AvgCov S§ 0.956  0.957 0.957 0.956 0.953 0.954 0.954 0.951 0.951 0.952 0.952 0.953 0.953 0.951 0.952
AvgLength 0.305 0.349 0.489 0.643 0.830 0.190 0.218 0.312 0.423 0.572 0.133 0.154 0.221 0.301 0.414
AvgLength® 0.305 0.348 0.489 0.643 0.830 0.190 0.218 0.312 0.423 0.572 0.133 0.154 0.221 0.301 0.414
DEBIASED GLS AvgCov Sy 0.914 0.906 0.903 0.914 0.927 0921 0.918 0.918 0.923 0.934 0.932 0.928 0.925 0.930 0.935
AvgCov S§ 0.955 0.958 0.962 0.967 0.971 0.954 0.954 0.957 0.962 0.968 0.952 0.953 0.955 0.960 0.964
AvgLength 0.303 0.279 0.255 0.259 0.272 0.189 0.171 0.153 0.151 0.157 0.133 0.119 0.105 0.104 0.105
AvgLength® 0.303 0.279 0.255 0.259 0.272 0.189 0.171 0.153 0.151 0.157 0.133 0.119 0.105 0.104 0.105
DEBIASED LASSO  AvgCov S, 200 0.905 0.914 0.925 0.930 0.937 0.924 0.926 0.942 0.944 0.945 0.932 0.932 0.938 0.939 0.948
AvgCov S§ 0.967 0.967 0.967 0.965 0.962 0.958 0.957 0.957 0.957 0.956 0.955 0.955 0.954 0.953 0.954
AvgLength 0.310 0.354 0.494 0.647 0.829 0.191 0.220 0.314 0.425 0.573 0.134 0.154 0.221 0.302 0.415
AvgLength® 0.310 0.354 0.494 0.647 0.829 0.191 0.220 0.314 0.424 0.573 0.134 0.154 0.221 0.302 0.415
DEBIASED GLS AvgCov Sy 0.900 0.893 0.893 0.907 0.915 0.924 0918 0.911 0.921 0.932 0.932 0.926 0.923 0.926 0.930
AvgCov S§ 0.966 0.967 0.972 0.977 0.979 0.958 0.960 0.963 0.968 0.973 0.954 0.955 0.959 0.962 0.968
AvgLength 0.309 0.285 0.263 0.270 0.282 0.191 0.173 0.155 0.155 0.164 0.134 0.120 0.107 0.105 0.107
AvgLength® 0.308 0.285 0.263 0.270 0.282 0.191 0.173 0.155 0.155 0.164 0.134 0.120 0.107 0.105 0.107
DEBIASED LASSO  AvgCov Sy 500 0.898 0.910 0.918 0.930 0.938 0.918 0.923 0.940 0.937 0.943 0.928 0.933 0.938 0.944 0.943
AvgCov S§ 0.981 0.981 0.981 0.975 0971 0.969 0.967 0.966 0.967 0.965 0.961 0.961 0.959 0.959 0.960
AvgLength 0.320 0.364 0.507 0.665 0.852 0.193 0.222 0.317 0.428 0.576 0.134 0.155 0.222 0.303 0.417
AvgLength® 0.319 0.364 0.507 0.665 0.852 0.193 0.222 0.317 0.428 0.576 0.134 0.155 0.222 0.303 0.417
DEBIASED GLS AvgCov Sy 0.892 0.879 0.877 0.890 0.901 0.917 0.902 0.894 0.912 0.924 0.926 0.920 0.921 0.922 0.938
AvgCov S§ 0.981 0.982 0.985 0.987 0.988 0.969 0.971 0.973 0.977 0.980 0.960 0.964 0.968 0.969 0.975
AvgLength 0.317 0.295 0.278 0.285 0.300 0.193 0.176 0.156 0.162 0.170 0.134 0.121 0.109 0.106 0.112
AvgLength® 0317 0.294 0.278 0.285 0.299 0.193 0.176 0.157 0.162 0.170 0.134 0.21 0.109 0.106 0.112
Table E.28: See description of Table 1, for |So| =3, d =4, DGP 2 (x; ~ t4 and g; ~ tg).
d=14
Panel 1
p/T 200 500 1000
[} 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
LASSO/ GLS LASSO 100 0.994 1.043 1.398 1.678 1.946 0.997 1.031 1.089 1.335 1.704 0.998 1.006 1.049 1.067 1.340
GLS LASSO (0.05) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04)
LASSO/ GLS LASSO 200 0.994 1.072 1.423 1.745 2.030 0.995 1.002 1.113 1423 1.731 1.000 1.015 1.011 1.065 1.498
GLS LASSO (0.03) (0.03) (0.03) (0.03) (0.03) (0.03) (0.03) (0.03) (0.03) (0.03) (0.03) (0.03) (0.03) (0.03) (0.03)
LASSO/ GLS LASSO 500 0.991 1.100 1.507 1.753 2.115 0.998 0.956 1.214 1.609 1.836 0.996 1.012 0.928 1.171 1.633
GLS LASSO (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02)
Panel 11
DEBIASED LASSO/ DEBIASED GLS 100 1.004 1.231 1.860 2.484 3.151 1.001 1.203 1.749 2322 3.089 1.000 1.156 1.584 2.079 2.759
DEBIASED GLS (0.10) (0.09) (0.08) (0.08) (0.08) (0.07) (0.07) (0.06) (0.06) (0.06) (0.06) (0.06) (0.05) (0.05) (0.05)
DEBIASED LASSO/ DEBIASED GLS 200 1.004 1.242 1902 2536 2334 1.002 1.238 1871 2540 3.412 1.001 1.197 1.748 2.368 3.179
DEBIASED GLS (0.10) (0.09) (0.08) (0.08) (0.20) (0.07) (0.06) (0.05) (0.05) (0.05) (0.05) (0.05) (0.04) (0.04) (0.04)
DEBIASED LASSO/ DEBIASED GLS 500 0.984 0.889 1.299 0.259 2.859 1.001 1.279 2.005 2.740 3.760 1.001 1.246 1.957 2.706 3.648
DEBIASED GLS (0.23) (0.21) (1.20) (1.02) (0.15) (0.06) (0.05) (0.05) (0.05) (0.05) (0.05) (0.04) (0.04) (0.04) (0.04)
Table E.29: See description of Table 1, for |So| =3, d =8, DGP 2 (x; ~ t4 and g; ~ t4).
d=28
Panel 1
p/T 200 500 1000
¢ 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
LASSO/ GLS LASSO 100 0991 1.119 1.771 2311 2777 0994 1.132 1413 2059 2924 0.995 1.109 1.495 1.620 2474
GLS LASSO (0.03) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02)
LASSO/ GLS LASSO 200 0.985 1.155 1.843 2344 2806 0.988 1.096 1.406 2.155 2951 0.997 1.157 1.314 1.606 2.659
GLS LASSO (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
LASSO/ GLS LASSO 500 0.996 1.223 1904 2339 2.797 0.990 1.048 1.649 2.548 3.027 0.998 1.050 1.092 1.787 2.957
GLS LASSO (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
Panel 11
DEBIASED LASSO/ DEBIASED GLS 100 1.004 1.264 1974 2.662 3.404 1.001 1.269 2008 2776 3.747 1.001 1.243 1.922 2.677 3.671
DEBIASED GLS (0.08) (0.07) (0.06) (0.06) (0.06) (0.05) (0.05) (0.04) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03)
DEBIASED LASSO/ DEBIASED GLS 200 1.006 1.271 1.996 2.702 3.433 1.002 1.283 2.064 2.846 3.849 1.001 1.267 2.018 2.841 3.886
DEBIASED GLS (0.07) (0.07) (0.06) (0.06) (0.06) (0.05) (0.04) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03)
DEBIASED LASSO/ DEBIASED GLs 500 1.004 1.260 1.982 1.164 3.418 1.003 1.304 2.093 2.862 3.940 1.001 1.289 2124 2984 4.070
DEBIASED GLS (0.07) (0.06) (0.05) (0.12) (0.05) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03)
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Table E.30: See description of Table 1, for |Sy| = 3, d = 16,

DGP 2 (x; ~ tg and g4 ~ tq).

d=16
Panel 1
p/T 200 500 1000
[} 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
LASSO/ GLS LASSO 100 0980 1.153 1.811 2.448 2911 0996 1.216 1.639 2.334 3.334 0.998 1.252 1.936 2.325 3.435
GLS LASSO 0.03) (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01)
LASSO/ GLS LASSO 200 0.981 1.180 1.914 2444 23878 0.995 1.167 1.568 2434 3.342 0998 1.247 1.680 2.078 3.474
GLS LASSO (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
LASSO/ GLS LASSO 500 0.995 1.243 1.927 2361 2806 0.991 1.102 1.853 2.656 3.270 0.997 1.220 1.363 2.109 3.464
GLS LASSO (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
Panel 11
DEBIASED LASSO/ DEBIASED GLS 100 1.005 1.272 2.005 2.710 3.461 1.001 1.283 2.078 2902 3.927 1.001 1.278 2.065 2.929 4.058
DEBIASED GLS (0.07) (0.06) (0.06) (0.06) (0.06) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03)
DEBIASED LASSO/ DEBIASED GLS 200 1.005 1.273 2.000 2.705 3.444 1.002 1.296 2.112 2928 3.954 1.001 1.287 2.106 2.997 4.123
DEBIASED GLS (0.07) (0.06) (0.05) (0.05) (0.05) (0.05) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02)
DEBIASED LASSO/ DEBIASED GLS 500 1.006 1.207 1.220 2.174 3421 1.002 1.312 2109 2908 3.988 1.001 1.299 2.170 3.066 4.171
DEBIASED GLS (0.06) (0.06) (0.09) (0.07) (0.05) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02) (0.02)
Table E.31: See description of Table 1, for |Sy| =7, d =4, DGP 2 (x; ~ t; and g4 ~ tg).
d=4
Panel 1
p/T 200 500 1000
¢ 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
LASSO/ GLS LASSO 100 0.994 1.043 1.398 1.678 1.946 0.997 1.031 1.089 1.335 1.704 0.998 1.006 1.049 1.067 1.340
GLS LASSO (0.05) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04)
LASSO/ GLS LASSO 200 0.994 1.072 1.423 1.745 2.030 0.995 1.002 1.113 1423 1.731 1.000 1.015 1.011 1.065 1.498
GLS LASSO (0.03) (0.03) (0.03) (0.03) (0.03) (0.03) (0.03) (0.03) (0.03) (0.03) (0.03) (0.03) (0.03) (0.03) (0.03)
LASSO/ GLS LASSO 500 0.991 1.100 1.507 1.753 2.115 0.998 0956 1.214 1.609 1836 0.996 1.012 0.928 1.171 1.633
GLS LASSO (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02)
Panel 11
DEBIASED LASSO/ DEBIASED GLs 100 1.002 1.190 1.695 2.172 2.713 1.001 1.140 1.529 1953 2512 1.000 1.093 1.349 1.665 2.120
DEBIASED GLS (0.11) (0.11) (0.10) (0.10) (0.10) (0.09) (0.08) (0.08) (0.08) (0.08) (0.08) (0.07) (0.07) (0.07) (0.07)
DEBIASED LASSO/ DEBIASED GLS 200 1.001 1.200 1.775 2.337 2.967 1.001 1.183 1.690 2.217 2.894 1.000 1.139 1.516 1.964 2.574
DEBIASED GLS (0.10)  (0.09) (0.09) (0.08) (0.08) (0.07) (0.07) (0.06) (0.06) (0.06) (0.06) (0.06) (0.06) (0.05) (0.05)
DEBIASED LASSO/ DEBIASED GLS 500 1.002 0.068 1.459 1.573 2.586 1.002 1.234 1924 2554 3.369 1.001 1.193 1.727 2.387 3.139
DEBIASED GLS (0.15) (3.29) (0.16) (0.22) (0.13) (0.06) (0.05) (0.05) (0.05) (0.05) (0.05) (0.05) (0.04) (0.04) (0.04)
Table E.32: See description of Table 1, for |So| =7, d =8, DGP 2 (x; ~ t4 and g; ~ t4).
d=38
Panel 1
p/T 200 500 1000
¢ 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
LASSO/ GLS LASSO 100 0.991 1.119 1.771 2311 2777 0994 1.132 1413 2.059 2924 0.995 1.109 1.495 1.620 2474
GLS LASSO (0.03) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02)
LASSO/ GLS LASSO 200 0985 1.155 1.843 2344 2806 0.988 1.096 1.406 2.155 2.951 0.997 1.157 1.314 1.606 2.659
GLS LASSO (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
LASSO/ GLS LASSO 500 0.996 1.223 1.904 2339 2797 0.990 1.048 1.649 2.548 3.027 0.998 1.050 1.092 1.787 2.957
GLS LASSO (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
Panel 11
DEBIASED LASSO/ DEBIASED GLS 100 1.002 1.243 1.893 2490 3.130 1.001 1.234 1.888 2.562 3.397 1.000 1.197 1.747 2.364 3.192
DEBIASED GLS (0.08) (0.07) (0.07) (0.07) (0.07) (0.06) (0.05) (0.05) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04)
DEBIASED LASSO/ DEBIASED GLS 200 1.005 1.247 1914 2518 3.179 1.001 1.261 1.994 2.722 3.572 1.001 1.236 1.891 2.615 3.556
DEBIASED GLS (0.07) (0.07) (0.06) (0.06) (0.06) (0.05) (0.05) (0.04) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03)
DEBIASED LASSO/ DEBIASED GLS 500 1.007 1.236 1.806 2.527 3.224 1.001 1.285 2.154 2.869 3.737 1.001 1.266 2.010 2.889 3.832
DEBIASED GLS (0.06) (0.06) (0.06) (0.06) (0.06) (0.05) (0.04) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03)
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Table E.33: See description of Table 1, for |Sy| = 7, d = 16, DGP 2 (x; ~ t5 and €; ~ tg).

d=16
Panel 1
p/T 200 500 1000
¢ 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
LASSO/ GLS LASSO 100 0.980 1.153 1.811 2448 2911 0996 1.216 1.639 2334 3.334 0.998 1.252 1936 2.325 3.435
GLS LASSO (0.03) (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01)
LASSO/ GLS LASSO 200 0.981 1.180 1.914 2444 23878 0.995 1.167 1.568 2434 3.342 0.998 1.247 1.680 2.078 3.474
GLS LASSO (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
LASSO/ GLS LASSO 500 0.995 1.243 1927 2361 2806 0.991 1.102 1.853 2.656 3.270 0.997 1.220 1.363 2.109 3.464
GLS LASSO (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
Panel 11
DEBIASED LASSO/ DEBIASED GLs 100 1.003 1.259 1.957 2.578 3.240 1.001 1.272 2.031 2.805 3.742 1.001 1.258 1.985 2.775 3.811
DEBIASED GLS (0.07) (0.07) (0.06) (0.06) (0.06) (0.05) (0.04) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03)
DEBIASED LASSO/ DEBIASED GLs 200 1.006 1.259 1.949 2572 3.221 1.002 1.282 2.086 2.879 3.786 1.001 1.275 2.053 2.900 3.983
DEBIASED GLS (0.07) (0.06) (0.06) (0.06) (0.06) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03)
DEBIASED LASSO/ DEBIASED GLS 500 1.009 1.246 1.893 2.505 3.169 1.002 1.293 2.192 2926 3.807 1.001 1.290 2.097 3.043 4.042
DEBIASED GLS (0.06) (0.06) (0.05) (0.05) (0.05) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02)
Table E.34: See description of Table 2, for |So| =3, d =4, DGP 2 (x; ~ t4 and g; ~ tq).
Size adjusted power and standard errors
d=4
p/T 200 500 1000
[ 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
GLS LASsO 100 0.826 0.850 0.868 0.875 0.875 0.904 0.913 0.914 0.919 0923 0919 0.923 0.935 0.939 0.938
(s.c.) (0.10) (0.09) (0.08) (0.08) (0.09) (0.06) (0.06) (0.05) (0.05) (0.05) (0.04) (0.04) (0.04) (0.03) (0.03)
LASSO 0.830 0.793 0.727 0.662 0.578 0.902 0.870 0.806 0.731 0.649 0919 0.903 0.875 0.836 0.765
(s.e.) (0.10) (0.12) (0.17) (0.22) (0.28) (0.06) (0.07) (0.10) (0.14) (0.19) (0.04) (0.05) (0.07) (0.10) (0.14)
GLS LASsO 200 0.850 0.857 0.872 0.875 0.881 0911 0.922 0.936 0.938 0.936 0.930 0.943 0.952 0.956 0.956
(s.e.) (0.10) (0.09) (0.09) (0.09) (0.09) (0.06) (0.06) (0.05) (0.05) (0.05) (0.04) (0.04) (0.04) (0.03) (0.03)
LASSO 0.848 0.823 0.754 0.688 0.579 0.911 0.893 0.835 0.787 0.737 0930 0.927 0.895 0.855 0.791
(s.e) (0.10) (0.12) (0.17) (0.22) (0.28) (0.06) (0.07) (0.11) (0.14) (0.19) (0.04) (0.05) (0.07) (0.10) (0.14)
GLS LASSO 500 0.838 0.853 0.867 0.870 0.870 0.911 0.919 0.929 0.936 0.934 0.931 0.941 0.949 0.950 0.953
(s.e.) (0.16) (0.12) (0.11) (0.11) (0.10) (0.06) (0.06) (0.05) (0.05) (0.05) (0.05) (0.04) (0.04) (0.03) (0.04)
LASSO 0.840 0.813 0.772 0.647 0.568 0.911 0.887 0.849 0.796 0.714 0.931 0.924 0.895 0.862 0.805
(s.e.) (0.12) (0.13) (0.18) (0.24) (0.32) (0.06) (0.07) (0.11) (0.14) (0.20) (0.05) (0.05) (0.07) (0.10) (0.14)
Table E.35: See description of Table 2, for |So| =3, d =8, DGP 2 (x; ~ t4 and g; ~ tq).
Size adjusted power and standard errors
d=28
p/T 200 500 1000
¢ 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
GLS LASSO 100 0.829 0.844 0.859 0.856 0.869 0.892 0.906 0.910 0.917 0917 0.927 0.934 0.943 0.943 0.944
(s.e) (0.08) (0.07) (0.07) (0.07) (0.07) (0.05) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03)
LASSO 0.832 0.814 0.737 0.683 0.599 0.892 0.877 0.831 0.764 0.673 0.928 0.921 0.884 0.840 0.772
(s.e.) (0.08) (0.09) (0.13) (0.17) (0.22) (0.05) (0.06) (0.09) (0.12) (0.16) (0.04) (0.04) (0.06) (0.08) (0.11)
GLS LASsO 200 0.853 0.863 0.879 0.885 0.884 0.907 0.919 0.927 0.930 0.930 0.940 0.949 0.958 0.960 0.962
(s.e.) (0.08) (0.07) (0.07) (0.07) (0.07) (0.05) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03)
LASSO 0.855 0.832 0.765 0.689 0.588 0.908 0.899 0.864 0.815 0.732 0.941 0.928 0.901 0.865 0.815
(s.e.) (0.08) (0.09) (0.13) (0.17) (0.22) (0.05) (0.06) (0.09) (0.12) (0.16) (0.04) (0.04) (0.06) (0.08) (0.11)
GLS LASSO 500 0.845 0.863 0.878 0.879 0.874 0.907 0.913 0.921 0.928 0.924 0.945 0.949 0.949 0951 0.952
(s.e.) (0.08) (0.08) (0.07) (0.07) (0.07) (0.05) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03)
LASSO 0.846 0.820 0.775 0.718 0.612 0.907 0.891 0.845 0.791 0.719 0.944 0.936 0.897 0.846 0.793
(s.e.) (0.08) (0.10) (0.13) (0.18) (0.23) (0.05) (0.06) (0.09) (0.12) (0.16) (0.04) (0.04) (0.06) (0.08) (0.11)
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Table E.36: See description of Table 2, for [Sp| = 3, d = 16, DGP 2 (x; ~ t4 and g, ~ tg).

Size adjusted power and standard errors

d=16
p/T 200 500 1000
[ 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
GLS LASsO 100 0.835 0.848 0.870 0.872 0.880 0.890 0.897 0.912 0.915 0920 0910 0.924 0.931 0.937 0.937
(s.e.) (0.08) (0.07) (0.06) (0.06) (0.06) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03)
LASSO 0.835 0.817 0.739 0.667 0.588 0.891 0.878 0.826 0.770 0.712 0.910 0.903 0.871 0.836 0.759
(s.e.) (0.08) (0.09) (0.12) (0.16) (0.21) (0.05) (0.06) (0.08) (0.11) (0.14) (0.03) (0.04) (0.06) (0.08) (0.11)
GLS LASSO 200 0.863 0.874 0.886 0.886 0.897 0.924 0.928 0.931 0.931 0.938 0.936 0.943 0.952 0.955 0.955
(s.e.) (0.08) (0.07) (0.06) (0.06) (0.06) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03)
LASSO 0.865 0.833 0.775 0.691 0.636 0.922 0.909 0.866 0.817 0.737 0.935 0.924 0.898 0.864 0.811
(s.e.) (0.08) (0.09) (0.12) (0.16) (0.21) (0.05) (0.06) (0.08) (0.11) (0.14) (0.03) (0.04) (0.06) (0.08) (0.11)
GLS LASSO 500 0.852 0.865 0.884 0.884 0.881 0.907 0919 0932 0935 0934 0.935 0.942 0.952 0.955 0.957
(s.e.) (0.08) (0.07) (0.07) (0.07) (0.07) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03)
LASSO 0.852 0.837 0.782 0.703 0.627 0.908 0.894 0.842 0.796 0.720 0.935 0.927 0.892 0.859 0.803
(s.e.) (0.08) (0.09) (0.12) (0.16) (0.21) (0.05) (0.06) (0.08) (0.11) (0.14) (0.03) (0.04) (0.06) (0.08) (0.11)
Table E.37: See description of Table 2, for |So| =7, d = 4, DGP 2 (x; ~ tg and g; ~ tg).
Size adjusted power and standard errors
d=14
p/T 200 500 1000
1) 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
GLS LASsO 100 0.702 0.719 0.750 0.744 0.742 0.758 0.760 0.762 0.753 0.754 0.745 0.747 0.745 0.752 0.751
(s.e.) (0.10) (0.10) (0.09) (0.09) (0.09) (0.06) (0.06) (0.05) (0.05) (0.05) (0.05) (0.04) (0.04) (0.04) (0.04)
LASSO 0.703 0.717 0.640 0.564 0.509 0.755 0.727 0.671 0.617 0.559 0.745 0.748 0.742 0.717 0.688
(s.e.) (0.11) (0.12) (0.17) (0.22) (0.28) (0.06) (0.07) (0.11) (0.14) (0.19) (0.05) (0.05) (0.07) (0.10) (0.14)
GLS LASSO 200 0.796 0.821 0.838 0.843 0.836 0.893 0.901 0.910 0917 0.913 0.924 0.932 0.939 0.940 0.941
(s.e.) (0.11) (0.10) (0.09) (0.09) (0.10) (0.06) (0.06) (0.05) (0.05) (0.06) (0.05) (0.04) (0.04) (0.04) (0.04)
LASSO 0.793 0.775 0.701 0.611 0.511 0.894 0.876 0.814 0.761 0.687 0.924 0.922 0.878 0.830 0.776
(s.e.) (0.11) (0.12) (0.17) (0.22) (0.29) (0.06) (0.07) (0.11) (0.14) (0.20) (0.05) (0.05) (0.08) (0.10) (0.14)
GLS LASSO 500 0.819 0.822 0.832 0.837 0.834 0.893 0.895 0911 0914 0913 0.930 0.937 0.945 0.947 0.945
(s.e.) (0.12) (0.11) (0.12) (0.11) (0.11) (0.07) (0.06) (0.05) (0.05) (0.06) (0.05) (0.04) (0.04) (0.04) (0.04)
LASSO 0.815 0.796 0.706 0.617 0.531 0.894 0.877 0.820 0.764 0.678 0.930 0.918 0.878 0.838 0.783
(s.e.) (0.12) (0.15) (0.19) (0.24) (0.32) (0.07) (0.08) (0.11) (0.15) (0.20) (0.05) (0.05) (0.08) (0.10) (0.14)
Table E.38: See description of Table 2, for |Sy| =7, d =8, DGP 2 (x; ~ t; and ¢ ~ tg).
Size adjusted power and standard errors
d=38
p/T 200 500 1000
1) 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
GLS LASsO 100 0.711 0.716 0.733 0.741 0.726 0.741 0.753 0.759 0.762 0.763 0.744 0.746 0.744 0.750 0.752
(s.e.) (0.08) (0.08) (0.07) (0.07) (0.07) (0.05) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03)
LASSO 0.712  0.710 0.650 0.576 0.492 0.740 0.729 0.723 0.677 0.604 0.744 0.738 0.730 0.724 0.680
(s.e.) (0.08) (0.10) (0.13) (0.18) (0.23) (0.05) (0.06) (0.09) (0.12) (0.16) (0.04) (0.04) (0.06) (0.08) (0.11)
GLS LASSO 200 0.827 0.828 0.850 0.849 0.848 0.893 0.904 0914 0915 0916 0.924 0.933 0941 0.945 0.945
(s.e.) (0.09) (0.08) (0.07) (0.08) (0.08) (0.05) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03)
LASSO 0.826 0.797 0.714 0.636 0.560 0.893 0.883 0.827 0.764 0.697 0.925 0913 0.870 0.827 0.775
(s.e.) (0.09) (0.10) (0.14) (0.18) (0.23) (0.05) (0.06) (0.09) (0.12) (0.16) (0.04) (0.04) (0.06) (0.08) (0.11)
GLS LASSO 500 0.830 0.840 0.851 0.857 0.851 0.896 0.907 0.916 0.917 0.919 0.929 0.938 0.944 0.946 0.946
(s.e.) (0.09) (0.08) (0.08) (0.08) (0.08) (0.05) (0.05) (0.04) (0.04) (0.05) (0.04) (0.03) (0.03) (0.03) (0.03)
LASSO 0.833 0.812 0.721 0.658 0.576 0.897 0.881 0.833 0.776 0.701 0.930 0.918 0.880 0.837 0.781
(s.e) (0.09) (0.10) (0.14) (0.18) (0.24) (0.05) (0.06) (0.09) (0.12) (0.16) (0.04) (0.04) (0.06) (0.08) (0.12)
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Table E.39: See description of Table 2, for |Sy| =7, d = 16,

DGP 2 (ZEt ~tq and &t~ td)

Size adjusted power and standard errors

d=16
p/T 200 500 1000
[} 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
GLS LASSO 100 0.688 0.714 0.752 0.759 0.750 0.750 0.754 0.760 0.762 0.759 0.748 0.754 0.759 0.765 0.759
(s.c.) (0.08) (0.07) (0.07) (0.07) (0.07) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03)
LASSO 0.684 0.680 0.636 0.586 0.491 0.751 0.742 0.718 0.688 0.628 0.747 0.751 0.745 0.716 0.689
(se.) (0.08) (0.09) (0.12) (0.16) (0.21) (0.05) (0.06) (0.08) (0.11) (0.15) (0.03) (0.04) (0.06) (0.08) (0.11)
GLS LASSO 200 0.824 0.839 0.851 0.857 0.851 0.896 0.905 0.916 0.917 0.914 0.927 0.933 0.940 0.943 0.944
(s.e.) (0.08) (0.07) (0.07) (0.07) (0.07) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03)
LASSO 0.830 0.808 0.724 0.639 0.558 0.895 0.879 0.828 0.776 0.701 0.928 0.915 0.885 0.843 0.780
(s.e.) (0.08) (0.09) (0.13) (0.17) (0.21) (0.05) (0.06) (0.08) (0.11) (0.15) (0.03) (0.04) (0.06) (0.08) (0.11)
GLS LASSO 500 0.839 0.844 0.851 0.855 0.853 0.898 0.907 0.915 0.918 0.918 0.928 0.937 0.944 0.947 0.946
(s.e.) (0.08) (0.08) (0.07) (0.07) (0.08) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03)
LASSO 0.839 0.820 0.730 0.654 0.579 0.898 0.881 0.834 0.783 0.704 0.928 0.917 0.885 0.848 0.792
(s.e.) (0.08) (0.09) (0.13) (0.17) (0.22) (0.05) (0.06) (0.08) (0.11) (0.15) (0.03) (0.04) (0.06) (0.08) (0.11)

Table E.40: See description of Table 3, for |So| = 3. d =4, DGP 2 (x;

~tqg and g ~ i.i.d. N(0,

d=14
p/T 200 500 1000
[} 0 0.5 0.8 09 095 0 0.5 0.8 0.9 095 0 0.5 0.8 09 095
\textscdebiased lasso  AvgCov S; 100 0.598 0.652 0.761 0.827 0.865 0.354 0.409 0.553 0.685 0.789 0.228 0.265 0.380 0.507 0.645
AvgCov S§ 0.956 0.957 0.955 0.953 0.951 0.953 0.952 0.952 0.954 0.953 0.951 0.952 0.952 0.953 0.953
AvgLength 0.403 0.461 0.648 0.856 1.107 0.249 0.287 0.410 0.556 0.754 0.176 0.203 0.291 0.398 0.547
AvgLength® 0.401 0.459 0.645 0.852 1.101 0.249 0.286 0.410 0.556 0.754 0.176 0.203 0.291 0.398 0.547
\textscdebiased gls AvgCov Sy 0.597 0.565 0.524 0.525 0.542 0.351 0.322 0.281 0.274 0.279 0.228 0.209 0.183 0.173 0.175
AvgCov S§ 0.955 0.958 0.962 0.965 0.967 0.953 0.953 0.955 0.957 0.963 0.951 0.952 0.953 0.954 0.959
AvgLength 0.400 0.364 0.328 0.324 0.335 0.248 0.223 0.197 0.192 0.197 0.176 0.158 0.138 0.133 0.134
AvgLength® 0.399 0.363 0.327 0.323 0.334 0.248 0.223 0.197 0.191 0.197 0.176 0.158 0.138 0.133 0.134
\textscdebiased lasso  AvgCov S, 200 0.620 0.676 0.788 0.853 0.891 0.357 0.413 0.562 0.702 0.795 0.224 0.263 0.383 0.520 0.664
AvgCov S§ 0.963 0.963 0.960 0.955 0.954 0.957 0.957 0.958 0.957 0.955 0.956 0.956 0.954 0.955 0.955
AvgLength 0.405 0.463 0.649 0.853 1.098 0.251 0.289 0.413 0.559 0.755 0.176 0.203 0.291 0.398 0.547
AvgLength® 0.404 0.463 0.648 0.853 1.097 0.251 0.289 0.413 0.558 0.754 0.176 0.203 0.291 0.398 0.547
\textscdebiased gls AvgCov Sy 0.621 0.591 0.549 0.547 0.555 0.360 0.324 0.285 0.280 0.287 0.225 0.205 0.179 0.174 0.177
AvgCov S§ 0.963 0.966 0.969 0.971 0.974 0.957 0.958 0.960 0.964 0.969 0.956 0.958 0.959 0.960 0.965
AvgLength 0.403 0.369 0.345 0.334 0.342 0.250 0.225 0.199 0.196 0.202 0.176 0.158 0.139 0.134 0.137
AvgLength® 0.403 0.368 0.336 0.337 0.374 0.250 0.225 0.199 0.196 0.202 0.176 0.158 0.139 0.134 0.137
\textscdebiased lasso  AvgCov S, 500 0.673 0.726 0.835 0.885 0.912 0.395 0.450 0.604 0.731 0.824 0.247 0.281 0.398 0.525 0.682
AvgCov S§ 0.975 0974 0.969 0.962 0.961 0.967 0.965 0.966 0.965 0.961 0.962 0.962 0.960 0.961 0.960
AvgLength 0.459 0.511 0.714 0.938 1.237 0.254 0.292 0417 0.565 0.765 0.177 0.204 0.292 0.399 0.548
AvgLength® 0.565 0.746 0.851 1.137 1.336 0.254 0.292 0417 0.565 0.764 0.177 0.204 0.292 0.398 0.548
\textscdebiased gls AvgCov Sy 0.671 0.641 0.613 0.620 0.635 0.399 0.362 0.322 0.319 0.322 0.247 0.230 0.203 0.198 0.203
AvgCov S§ 0.975 0977 0979 0.981 0.982 0.966 0.968 0.970 0.974 0.976 0.962 0.964 0.965 0.967 0.972
AvgLength 0.609 0.457 0.421 0.448 0.399 0.253 0.228 0.202 0.203 0.208 0.177 0.159 0.140 0.136 0.141
AvgLength® 0.503 0.490 0.682 0.681 0.455 0.253 0.228 0.202 0.203 0.208 0.177 0.159 0.140 0.136 0.141
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Table E.41: See description of Table 3, for |Sy| = 3. d = 8, DGP 2 (x; ~ t4 and ¢; ~ i.i.d. N(0,1)).
d=3
p/T 200 500 1000
¢ 0 05 08 09 095 0 05 08 09 09 0 05 08 09 095
DEBIASED LASSO  AvgCov S 100 0.826 0.855 0899 0.912 0.923 0659 0.708 0.810 0.877 0910 0.496 0564 0720 0.816 0.880
AvgCov S 0.955 0955 0.956 0.954 0952 0953 0.952 0.950 0952 0.951 0.952 0951 0950 0.950 0.951
AvgLength 0320 0.365 0513 0.678 0.877 0.203 0233 0.334 0452 0613 0.143 0.165 0237 0.323 0.444
AvgLength® 0320 0.365 0513 0.677 0.877 0.203 0233 0.333 0452 0613 0.143 0.165 0237 0.323 0.444
DEBIASED GLS  AvgCov So 0.827 0.805 0.784 0.791 0.807 0.658 0.622 0564 0558 0.575 0495 0448 0.392 0.381 0.382
AvgCov 55 0.954 0957 0.960 0.965 0968 0952 0.955 0.955 0958 0.964 0.952 0952 0.953 0.955 0.960
AvgLength 0.318 0280 0.259 0.259 0267 0202 0.182 0160 0.156 0.161 0.143 0.128 0.112 0.108 0.109
AvgLength® 0.318 0280 0.259 0.250 0267 0202 0.182 0.160 0.156 0.161 0.143 0.128 0.112 0.108 0.109
DEBIASED LASSO  AvgCov S, 200 0.841 0.864 0907 0.924 0.936 0663 0.720 0.824 0880 0.914 0480 0545 0.696 0.795 0.874
AvgCov S 0.964 0964 0.963 0.960 0958 0958 0.957 0.956 0957 0.955 0.955 0954 0.953 0.953 0.954
AvgLength 0.323 0.369 0517 0680 0.877 0.203 0234 0.334 0452 0612 0.143 0.165 0237 0.323 0.444
AvgLength® 0.323 0368 0.517 0.680 0.876 0.203 0.234 0334 0452 0.612 0.143 0.165 0.237 0.323 0444
DEBIASED GLS  AvgCov So 0.837 0820 0.801 0.809 0819 0.665 0.622 0571 0572 0.587 0482 0442 0.385 0.373 0.385
AvgCov S 0.963 0965 0.969 0.973 0975 0957 0.959 0.960 0964 0.969 0.955 0955 0.956 0.958 0.964
AvgLength 0.321 0292 0.265 0.266 0274 0203 0.183 0.161 0.159 0.165 0.143 0128 0.113 0.109 0.111
AvgLength® 0.321 0292 0.264 0.265 0274 0203 0.183 0161 0.159 0.164 0.143 0128 0.113 0.109 0.111
DEBIASED LASSO  AvgCov S 500 0.857 0.886 0919 0.934 0.939 0700 0.751 0.858 0.903 0928 0.513 0.579 0729 0.834 0.804
AvgCov S5 0.974 0974 0.971 0.967 0964 0965 0.963 0.964 0964 0.960 0.960 0960 0.957 0.959 0.957
AvgLength 0.328 0374 0.524 0.692 0.895 0.204 0.235 0336 0454 0.613 0.143 0165 0.237 0.324 0446
AvgLength® 0.327 0373 0.524 0.691 0894 0204 0.235 0336 0454 0.613 0.143 0165 0.237 0.324 0446
DEBIASED GLS  AvgCov So 0.855 0.844 0.837 0.838 0854 0701 0.664 0.621 0636 0.642 0511 0472 0.423 0.418 0425
AvgCov S 0.974 0976 0.979 0.982 0.984 0965 0.966 0.968 0973 0.975 0.960 0962 0.962 0.965 0.971
AvgLength 0.325 0298 0.272 0.277 0286 0.204 0.184 0.163 0.164 0.168 0.143 0120 0.113 0.110 0.115
AvgLength® 0.325 0297 0.272 0.307 0286 0.204 0.184 0162 0164 0.168 0.143 0129 0.113 0.110 0.115
Table E.42: See description of Table 3, for |Sy| = 3. d = 16, DGP 2 (x; ~ t4 and &; ~ i.i.d. N(0,1)).
d=16
p/ 200 500 1000
¢ 0 05 08 09 09 0 05 08 09 09 0 05 08 09 095
DEBIASED LASSO  AvgCov S, 100 0.897 0905 0.918 0.934 0.934 0855 0879 0.911 0.926 0.934 0.778 0813 0.888 0.914 0.936
AvgCov S 0.954 0.955 0956 0953 0.952 0.952 0.951 0952 0953 0952 0.951 0.952 0.951 0951 0951
AvgLength 0.206 0.338 0475 0.627 0811 0.87 0216 0309 0418 0.566 0.133 0.153 0219 0300 0.412
AvgLength 0.206 0338 0475 0.627 0811 0.187 0216 0.308 0418 0566 0.133 0.153 0.219 0300 0.412
DEBIASED GLS  AvgCov S, 0.804 0.892 0.883 0891 0.905 0.856 0.844 0.820 0820 0.833 0.776 0.745 0.710 0.699 0.702
AvgCov S 0.953 0.956 0.960 0964 0.968 0.951 0.953 0954 0958 0964 0.951 0.953 0.954 0956 0961
AvgLength 0.204 0267 0240 0240 0.248 0.187 0.168 0.148 0.145 0.149 0.132 0.119 0.104 0.100 0.101
AvgLength® 0.204 0267 0240 0240 0.248 0.I87 0.168 0.148 0.145 0.49 0.132 0.119 0.104 0.100 0.101
DEBIASED LAssO  AvgCov S, 200 0907 0916 0.931 0.937 0.943 0.863 0892 0.931 0.940 0.942 0.781 0821 0.893 0.918 0.928
AvgCov 55 0.963 0.963 0.963 0.960 0958 0.957 0956 0.955 0.955 0.954 0.954 0954 0.953 0953 0.953
AvgLength 0.208 0340 0476 0.628 0809 0.188 0216 0.309 0.419 0566 0.133 0.153 0.219 0300 0.412
AvgLength 0.208 0.340 0476 0.627 0.808 0.188 0216 0309 0419 0.566 0.133 0.153 0219 0300 0.412
DEBIASED GLs  AvgCov S, 0.003 0.899 0.886 0.899 0.909 0.863 0.853 0.831 0831 0.850 0.778 0.759 0.716 0.700 0.713
AvgCov S 0.962 0.965 0969 0973 0.975 0.957 0.958 0959 0963 0.968 0.954 0.955 0956 0958 0.964
AvgLength 0.296 0271 0245 0247 0.254 0.188 0169 0149 0.148 0.153 0.132 0.119 0.104 0.101 0.103
AvgLength 0.206 0270 0245 0246 0.254 0.188 0.169 0.149 0.48 0.152 0.132 0.119 0.104 0.101 0.103
DEBIASED LAssO  AvgCov Sy 500 0914 0918 0.930 0.935 0.945 0.883 0901 0.929 0.941 0.947 0.793 0828 0.882 0.913 0.930
AvgCov S 0.974 0.975 0972 0966 0.964 0.964 0.962 0.963 0962 0.959 0.959 0.959 0.956 0957 0957
AvgLength 0302 0.344 0483 0.638 0825 0.189 0217 0311 0420 0567 0.133 0153 0.220 0300 0.413
AvgLengthe 0.301 0344 0483 0.637 0825 0.189 0217 0311 0420 0567 0.133 0153 0.220 0300 0.413
DEBIASED GLS  AvgCov S, 0.913 0.898 0904 0903 0.916 0.884 0.870 0857 0864 0.876 0.794 0.772 0.733 0.730 0.745
AvgCov S 0.974 0.976 0.980 0982 0.984 0.964 0.965 0.966 0972 0975 0.959 0.961 0.961 0.965 0971
AvgLength 0.300 0.277 0256 0263 0.265 0.188 0.70 0.150 0.152 0.155 0.133 0.119 0.105 0.102 0.106
AvgLengthe 0299 0279 0282 0264 0.265 0.188 0.70 0150 0.152 0.155 0.133 0.119 0.105 0.102 0.106
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Table E.43: See description of Table 3, for |Sy| = 7. d = 4, DGP 2 (a; ~ tq4 and ¢; ~ i.i.d. N(0,1)).
d=4
p/T 200 500 1000
¢ 0 05 08 09 09 0 05 08 09 09 0 05 08 09 095
DEBIASED LASSO  AvgCov S, 100 0.606 0.661 0.772 0841 0.879 0.353 0.405 0.559 0.691 0.791 0.232 0.266 0384 0.519 0.667
AvgCov S¢ 0.954 0.954 0954 0954 0.951 0.953 0.953 0951 0953 0.954 0.951 0.951 0951 0951 0.953
AvgLength 0412 0470 0658 0.866 1116 0.253 0.291 0417 0.564 0.764 0.177 0204 0293 0.399 0.549
AvgLength® 0.412 0470 0.657 0865 1115 0.253 0.291 0417 0564 0.763 0.177 0.204 0293 0399 0.549
DEBIASED GLS  AvgCov S 0.604 0.575 0548 0551 0.573 0.353 0.322 0291 0288 0.205 0.232 0.206 0.180 0.177 0.180
AvgCov S5 0.953 0.954 0959 0.964 0.968 0.952 0.954 0957 0.960 0.967 0.951 0952 0954 0.958 0.963
AvgLength 0.410 0378 0346 0350 0366 0.253 0.228 0204 0202 0.209 0.177 0.159 0.140 0.138 0.140
AvgLength® 0.409 0377 0346 0349 0.366 0.252 0.227 0204 0202 0.209 0177 0.59 0.140 0.138 0.140
DEBIASED LASSO  AvgCov S, 200 0.646 0.705 0.808 0.864 0.892 0.365 0.421 0579 0709 0.806 0.235 0.269 0387 0.523 0.671
AvgCov S 0.967 0.966 0.966 0962 0.958 0.960 0.959 0958 0959 0.958 0.955 0.955 0.955 0955 0.955
AvgLength 0.424 0483 0672 0880 1130 0.254 0.293 0418 0566 0.765 0.178 0.205 0.295 0402 0.553
AvgLength® 0423 0481 0671 0.879 1128 0.254 0292 0417 0565 0.764 0.178 0205 0295 0.402 0.553
DEBIASED GLS  AvgCov S 0.647 0.629 0.602 0.606 0.627 0.363 0.333 0303 0303 0314 0.235 0.215 0.192 0.189 0.191
AvgCov S5 0.966 0.967 0971 0.975 0.977 0.959 0961 0965 0.968 0.973 0.955 0956 0.959 0.964 0.967
AvgLength 0422 0394 0367 0370 0.384 0.254 0230 0208 0.207 0.216 0.178 0.159 0.142 0.141 0.142
AvgLength® 0421 0393 0365 0369 0.383 0.254 0230 0208 0207 0.216 0178 0.159 0.142 0.141 0.142
DEBIASED LAssO  AvgCov S, 500 0.734 0.777 0.865 0.900 0.917 0418 0474 0.634 0.753 0.845 0257 0305 0428 0.557 0.705
AvgCov S5 0.982 0.981 0976 0.967 0.961 0.972 0971 0969 0.970 0.966 0.963 0963 0.962 0.961 0.963
AvgLength 0477 058 0.746 0955 1235 0.259 0.208 0425 0574 0.773 0.180 0.208 0.298 0407 0.560
AvgLength® 0.511 0595 0.779 1.055 1475 0.259 0298 0425 0.573 0.773 0.180 0207 0298 0.406 0.559
DEBIASED GLS  AvgCov S 0.733 0.715 0.695 0.703 0.714 0418 0.383 0355 0357 0370 0.257 0.233 0216 0211 0.216
AvgCov S 0.982 0.982 0984 0986 0.987 0.972 0.973 0.976 0979 0.981 0.963 0.965 0.969 0971 0.976
AvgLength 0470 0.446 0462 0438 0.450 0.259 0235 0212 0215 0.226 0.180 0.162 0.147 0.143 0.149
AvgLength® 0491 1865 0507 0521 0475 0.258 0235 0212 0215 0.226 0.180 0.162 0.147 0.143 0.148
Table E.44: See description of Table 3, for |[So| =7.d =8, DGP 2 (z; ~ tq and &, ~ i.i.d. N(0,1)).
d=38
p/T 200 500 1000
¢ 0 05 08 09 09 0 05 08 09 095 0 05 08 09 09
DEBIASED LASSO  AvgCov S 100 0.820 0.850 0896 0.919 0.932 0.67L 0.720 0.815 0.878 0909 0492 0.559 0.713 0808 0.875
AvgCov S 0.958 0956 0.956 0.956 0.954 0955 0.954 0.952 0953 0.953 0.951 0952 0952 0.951 0.951
AvgLength 0.331 0.378 0.529 0.696 0898 0205 0236 0337 0.457 0.618 0.144 0.166 0.238 0325 0447
AvgLength 0.331 0.377 0.529 0.696 0.898 0205 0236 0337 0457 0.618 0.144 0.166 0.238 0325 0447
DEBIASED GLS  AvgCov S 0.824 0809 0.792 0.806 0.820 0.671 0.629 0.587 0583 0.506 0.492 0449 0300 0.390 0.394
AvgCov S 0.956 0958 0.962 0.967 0971 0955 0.956 0.959 0963 0.969 0.951 0952 0.954 0.960 0.964
AvgLength 0.320 0.303 0.277 0.281 0.294 0205 0.184 0.165 0.163 0.169 0.144 0.129 0.114 0.112 0.114
AvgLength 0.329 0.303 0.277 0.280 0.293 0205 0.184 0.165 0.163 0.169 0.144 0.129 0.114 0.112 0.114
DEBIASED LASSO  AvgCov S, 200 0.851 0.874 0911 0.926 0.938 0691 0.750 0.845 0.895 0918 0.494 0556 0.714 0815 0.882
AvgCov S§ 0.968 0.967 0.968 0.966 0.962 0959 0959 0957 0.958 0.958 0.955 0.955 0.955 0.953 0.955
AvgLength 0.337 0.384 0.536 0.702 0.899 0206 0237 0339 0458 0.620 0.145 0.167 0.239 0326 0449
AvgLength 0.337 0384 0.535 0.702 0.899 0.206 0.237 0330 0458 0.620 0.145 0.167 0.239 0.326 0.449
DEBIASED GLS  AvgCov S 0.847 0835 0.827 0.838 0.854 0.691 0.659 0.618 0616 0.637 0.494 0446 0399 0.394 0.397
AvgCov S§ 0.967 0.968 0.972 0.976 0.979 0959 0961 0965 0.968 0.974 0.955 0.956 0.960 0.965 0.968
AvgLength 0.334 0311 0.286 0.294 0308 0206 0.186 0.168 0.167 0.176 0.144 0.130 0.115 0.114 0.115
AvgLengthe 0.334 0.310 0.286 0.294 0308 0206 0.186 0.168 0.167 0.176 0.144 0.130 0.115 0.114 0.115
DEBIASED LASSO  AvgCov Sp 500 0.882 0.894 0922 0933 0940 0.723 0.780 0.855 0.899 0.931 0.522 0593 0.744 0.829 0.894
AvgCov S5 0.982 0982 0.980 0.975 0970 0971 0.970 0.967 0969 0.966 0.962 0963 0.961 0.960 0.962
AvgLength 0.348 0.396 0.551 0.723 0.926 0209 0240 0343 0464 0.624 0.145 0.167 0.240 0.328 0.451
AvgLength® 0.348 0.396 0.551 0.722 0926 0209 0240 0343 0464 0.624 0.145 0.167 0.240 0328 0451
DEBIASED GLS  AvgCov S 0.882 0.872 0.866 0.876 0.888 0.724 0.705 0.669 0.675 0.699 0.522 0.482 0.449 0438 0455
AvgCov S5 0.082 0.982 0.985 0.987 0.988 0970 0973 0975 0.979 0.982 0.962 0.964 0.969 0970 0976
AvgLength 0.346 0.322 0.305 0.313 0327 0208 0.190 0.71 0.74 085 0.145 0131 0.119 0115 0.121
AvgLengthe 0.346 0.322 0.310 0.313 0326 0208 0.190 0.71 0.74 085 0.145 0131 0.119 0.115 0.121
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Table E.45: See description of Table 3, for |Sy| = 7. d = 16, DGP 2 (x; ~ tg and ; ~ i.i.d. N(0,1)).
d=16
/T 200 500 1000
[} 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
DEBIASED LASSO  AvgCov Sy 100 0.906 0.911 0.934 0.939 0.945 0.857 0.880 0.914 0.930 0.938 0.776 0.816 0.882 0.912 0.927
AvgCov S§ 0.957 0.957 0.957 0.957 0.955 0.953 0.953 0.952 0.953 0.953 0.952 0.951 0.952 0.951 0.951
AvgLength 0.306 0.349 0.490 0.645 0.832 0.190 0.219 0.312 0.423 0.573 0.133 0.154 0.221 0.301 0.414
AvgLength® 0.306 0.349 0.490 0.645 0.832 0.190 0.219 0.312 0.423 0.573 0.133 0.154 0.221 0.301 0.414
DEBIASED GLS AvgCov Sy 0.904 0.895 0.892 0.900 0.910 0.856 0.839 0.824 0.821 0.834 0.776 0.739 0.696 0.698 0.704
AvgCov S§ 0.956 0.957 0.962 0.967 0.972 0.953 0.954 0.958 0.962 0.968 0.952 0.951 0.952 0.959 0.963
AvgLength 0.304 0.280 0.256 0.260 0.272 0.189 0.171 0.1563 0.152 0.157 0.133 0.120 0.105 0.104 0.105
AvgLength® 0.304 0.280 0.256 0.259 0.272 0.189 0.171 0.153 0.152 0.157 0.133 0.120 0.105 0.104 0.105
DEBIASED LASSO  AvgCov Sp 200 0.907 0.919 0.931 0.936 0.940 0.877 0.896 0.918 0.937 0.938 0.787 0.822 0.881 0.915 0.934
AvgCov S§ 0.968 0.968 0.968 0.966 0.963 0.959 0.959 0.957 0.958 0.958 0.955 0.956 0.954 0.953 0.954
AvgLength 0.312 0.355 0.495 0.649 0.832 0.191 0.220 0.314 0.425 0.574 0.134 0.154 0.221 0.302 0.415
AvgLength® 0.312 0.355 0.495 0.649 0.831 0.191 0.220 0.314 0.425 0.574 0.134 0.154 0.221 0.302 0.415
DEBIASED GLS AvgCov Sy 0.906 0.900 0.898 0.908 0.917 0.877 0.864 0.845 0.847 0.862 0.787 0.759 0.729 0.727 0.731
AvgCov S§ 0.968 0.969 0.973 0.977 0.979 0.959 0.961 0.964 0.968 0.974 0.955 0.956 0.960 0.964 0.968
AvgLength 0.309 0.287 0.264 0.271 0.285 0.191 0.173 0.156 0.155 0.163 0.134 0.120 0.107 0.106 0.107
AvgLength® 0.309 0.287 0.264 0.271 0.285 0.191 0.173 0.156 0.155 0.163 0.134 0.120 0.107 0.106 0.107
DEBIASED LASSO  AvgCov Sp 500 0.908 0.914 0.929 0.937 0.938 0.888 0.900 0.927 0.939 0.944 0.809 0.848 0.902 0.921 0.937
AvgCov S§ 0.982 0.981 0.980 0.976 0.972 0.970 0.969 0.966 0.968 0.966 0.960 0.961 0.959 0.959 0.960
AvgLength 0.320 0.365 0.508 0.666 0.855 0.193 0.222 0.317 0.428 0.577 0.134 0.155 0.222 0.303 0.418
AvgLength® 0.320 0.365 0.508 0.666 0.855 0.193 0.222 0.317 0.428 0.577 0.134 0.155 0.222 0.303 0.418
DEBIASED GLS AvgCov Sy 0.906 0.894 0.896 0.906 0.921 0.890 0.879 0.866 0.874 0.889 0.810 0.793 0.769 0.763 0.779
AvgCov S§ 0.982 0.982 0.985 0.987 0.989 0.970 0.972 0974 0.978 0.981 0.960 0.963 0.968 0.969 0.975
AvgLength 0.318 0.295 0.278 0.288 0.302 0.193 0.176 0.158 0.161 0.171 0.134 0.121 0.110 0.106 0.112
AvgLength® 0.318 0.295 0.278 0.288 0.302 0.193 0.176 0.158 0.161 0.171 0.134 0.121 0.110 0.106 0.112
Table E.46: See description of Table 1, for |Sy| =3, d =4, DGP 3 (x; ~ t4 and & ~ i.i.d. N(0,1)).
d=4
Panel 1
p/T 200 500 1000
¢ 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
LASSO/ GLS LASSO 100 0994 1.031 1.161 1.437 1.780 0.999 1.013 1.091 1.117 1.380 0.999 0.979 1.001 1.059 1.105
GLS LASSO (0.04) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04) (0.04)
LASSO/ GLS LASSO 200 0994 1.017 1.219 1.533 1.859 1.001 1.028 1.041 1.112 1.467 1.001 0.981 1.036 1.037 1.104
GLS LASSO (0.03)  (0.03) (0.03) (0.03) (0.03) (0.03) (0.03) (0.03) (0.03) (0.03) (0.03) (0.03) (0.03) (0.03) (0.03)
LASSO/ GLS LASSO 500 0.986 1.063 1.322 1.678 1.991 0.996 1.034 1.010 1.204 1.615 0.999 1.013 1.046 1.012 1.264
GLS LASSO (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02)
Panel 11
DEBIASED LASSO/ DEBIASED GLS 100 1.004 1.285 2.069 2.819 3.610 1.001 1.293 2.105 2.967 4.048 1.000 1.292 2.114 3.004 4.178
DEBIASED GLS (0.10)  (0.08) (0.07) (0.07) (0.07) (0.06) (0.06) (0.05) (0.05) (0.05) (0.04) (0.04) (0.03) (0.03) (0.03)
DEBIASED LASSO/ DEBIASED GLS 200 1.005 1.290 2.102 2906 3.657 1.002 1.298 2.109 2.979 4.073 1.001 1295 2.124 3.016 4.212
DEBIASED GLS (0.09) (0.08) (0.07) (0.07) (0.07) (0.06) (0.05) (0.05) (0.05) (0.05) (0.04) (0.04) (0.03) (0.03) (0.03)
DEBIASED LASSO/ DEBIASED GLS 500 1.007 1.287 2.146 2.954 3.657 1.003 1.300 2.122 3.067 4.190 1.001 1.303 2.117 3.004 4.253
DEBIASED GLS (0.08) (0.07) (0.07) (0.06) (0.06) (0.06) (0.05) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03)
Table E.47: See description of Table 1, for |So| =3, d =8, DGP 3 (z; ~ t4 and &; ~ i.i.d. N'(0,1)).
d=38
Panel 1
p/T 200 500 1000
® 0 05 08 09 095 0 05 08 09 09 0 05 08 09 095
LASSO/ GLS LASSO 100 0984 1.103 1.593 2.211 2.830 0.997 1.161 1.405 1.796 2.759 1.000 1.089 1.448 1.641 2.173
GLS LASSO (0.03) (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01)
LASSO/ GLS LASSO 200 0.992 1.113 1.726 2.374 2.897 1.000 1.142 1.303 1916 2906 0.998 1.096 1.453 1.519 2.368
GLS LASSO (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
LASSO/ GLS LASSO 500 0.987 1160 1.909 2436 2854 0997 1123 1340 2202 2987 1.000 1152 1251 1546 2.786
GLS LASSO (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
Panel 11
DEBIASED LASSO/ DEBIASED GLS 100 1.004 1275 2033 2757 3.529 1001 1200 2.099 2955 4021 1001 1287 2112 3.012 4185
DEBIASED GLS (0.08) (0.07) (0.06) (0.06) (0.06) (0.05) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03)
DEBIASED LASSO/ DEBIASED GLS 200 1.006 1.284 2.057 2811 3.572 1.002 1.296 2.101 2937 4.005 1.001 1.295 2.135 3.029 4.184
DEBIASED GLS (0.07) (0.07) (0.06) (0.06) (0.06) (0.05) (0.04) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03)
DEBIASED LASSO/ DEBIASED GLS 500 1.009 1.266 2.068 2.850 3.510 1.003 1.305 2.095 2935 4.069 1.001 1.303 2.159 3.031 4.208
DEBIASED GLS (0.07) (0.06) (0.05) (0.05) (0.05) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03)
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Table E.48: See description of Table 1, for [So| =3, d = 16, DGP 3 (x; ~ t4 and &; ~ i.i.d. N(0,1)).

d=16
Panel 1
p/T 200 500 1000

[ 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
LASSO/ GLS LASSO 100 0983 1.158 1.759 2407 2964 0998 1229 1.663 2251 3.356 0.998 1221 1.934 2444 3.384
GLS LASSO (0.03) (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01)
LASSO/ GLS LASSO 200 0.989 1.154 1.909 2474 2982 0.995 1.212 1.519 2296 3.326 0.999 1.277 1.855 2100 3.418
GLS LASSO (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
LASSO/ GLS LASSO 500 0.986 1.202 1.969 2414 2879 0.992 1.101 1.583 2479 3.169 1.000 1.238 1.437 2058 3.525
GLS LASSO (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
Panel II

DEBIASED LASSO/ DEBIASED GLS 100 1.004 1.274 2.022 2736 3.507 1.001 1.294 2109 2957 3.995 1.000 1.289 2114 3.016 4.190
DEBIASED GLS (0.07) (0.06) (0.06) (0.06) (0.06) (0.05) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02)
DEBIASED LASSO/ DEBIASED GLS 200 1.007 1.281 2.028 2.759 3.515 1.002 1.299 2114 2940 3.991 1.001 1.294 2135 3.047 4.201
DEBIASED GLS (0.07) (0.06) (0.05) (0.05) (0.05) (0.05) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02)
DEBIASED LASSO/ DEBIASED GLS 500 1.008 1.261 2.020 2.794 3.471 1.003 1.309 2103 2913 4.026 1.001 1.302 2.172 3.055 4.194
DEBIASED GLS (0.06) (0.06) (0.05) (0.05) (0.05) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02) (0.02)

Table E.49: See description of Table 1, for |So| =7, d = 4, DGP 3 (x; ~ t4 and & ~ i.i.d. N(0,1)).

d=4
Panel I
p/T 200 500 1000

¢ 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
LASSO/ GLS LASSO 100 0.993 1.223 1.749 2.171 2573 0994 1.183 1.896 2.598 3.129 0.999 1.238 1.731 2431 3.458
GLS LASSO (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02)
LASSO/ GLS LASSO 200 0.997 1.212 1.672 1.991 2.389 0.991 1.182 2.013 2.598 3.040 0.999 1.218 1.672 2.601 3.466
GLS LASSO (0.03) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01)
LASSO/ GLS LASSO 500 0.997 1.185 1.605 1.967 2.331 0.992 1.265 1.989 2324 2829 0.997 1.142 1.893 2.693 3.226
GLS LASSO (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
Panel II

DEBIASED LASSO/ DEBIASED GLS 100 1.002 1.262 1.977 2.658 3.368 1.000 1.283 2.068 2.878 3.892 1.000 1.288 2.105 2979 4.103
DEBIASED GLS (0.10)  (0.09) (0.08) (0.08) (0.08) (0.06) (0.06) (0.05) (0.05) (0.05) (0.04) (0.04) (0.03) (0.03) (0.03)
DEBIASED LASSO/ DEBIASED GLS 200 1.006 1.255 1.980 2.696 3.419 1.001 1.294 2.087 2.881 3.894 1.000 1.293 2.130 3.009 4.127
DEBIASED GLS (0.09) (0.08) (0.07) (0.07) (0.07) (0.06) (0.05) (0.05) (0.05) (0.05) (0.04) (0.04) (0.03) (0.03) (0.03)
DEBIASED LASSO/ DEBIASED GLS 500 1.007 1.247 2.014 2.798 3.461 1.003 1.307 2.055 2.865 3.960 1.001 1.307 2.178 3.012 4.124
DEBIASED GLS (0.08) (0.07) (0.07) (0.07) (0.07) (0.06) (0.05) (0.05) (0.05) (0.05) (0.04) (0.04) (0.03) (0.03) (0.03)

Table E.50: See description of Table 1, for |So| =7, d =8, DGP 3 (x; ~ t4 and &, ~ i.i.d. N(0,1)).

d=8
Panel T
p/T 200 500 1000

[ 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
LASSO/ GLS LASSO 100 0.987 1.212 1.865 2.302 2.699 0996 1.209 1.755 2522 3281 0.998 1270 1.859 2.387 3.549
GLS LASSO (0.04) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01)
LASSO/ GLS LASSO 200 0.995 1.214 1.810 2225 2643 0.996 1.163 1.806 2.577 3.237 0.999 1251 1.649 2.287 3.513
GLS LASSO (0.03) (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
LASSO/ GLS LASSO 500 0.992 1.234 1.731 2133 2553 0.991 1.174 2.012 2636 3.022 0998 1.205 1.532 2.389 3.354
GLS LASSO (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
Panel 1T

DEBIASED LASSO/ DEBIASED GLS 100 1.002 1.257 1.959 2.617 3.302 1.001 1.285 2.084 2.899 3.882 1.000 1.285 2100 2.981 4.117
DEBIASED GLS (0.08) (0.07) (0.06) (0.06) (0.06) (0.05) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03)
DEBIASED LASSO/ DEBIASED GLS 200 1.005 1.259 1.953 2.609 3.284 1.001 1.292 2106 2.890 3.840 1.001 1.289 2117 3.013 4.117
DEBIASED GLS (0.07) (0.07) (0.06) (0.06) (0.06) (0.05) (0.04) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03)
DEBIASED LASSO/ DEBIASED GLs 500 1.007 1.239 1.885 2.598 3.268 1.002 1.312 2.151 2.867 3.863 1.001 1.298 2.170 3.067 4.083
DEBIASED GLS (0.07) (0.06) (0.06) (0.06) (0.06) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03)
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Table E.51: See description of Table 1, for [So| =7, d = 16, DGP 3 (x; ~ t4 and &; ~ i.i.d. N(0,1)).

d=16
Panel 1
p/T 200 500 1000
¢ 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
LASSO/ GLS LASSO 100 0994 1.177 1.779 2316 2737 0999 1.239 1.762 2482 3.350 0.999 1.272 1.969 2425 3.541
GLS LASSO (0.03) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01)
LASSO/ GLS LASSO 200 0.989 1.210 1.862 2.291 2.709 0.994 1.185 1.677 2463 3.214 0999 1.271 1.768 2.280 3.530
GLS LASSO (0.03) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
LASSO/ GLS LASSO 500 0.993 1.236 1.801 2.192 2.633 0994 1.149 1.865 2.586 3.063 1.000 1.220 1.514 2.299 3.430
GLS LASSO (0.02) (0.02) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
Panel 11
DEBIASED LASSO/ DEBIASED GLs 100 1.003 1.257 1.959 2.605 3.278 1.001 1.287 2.090 2903 3.875 1.000 1.284 2102 2.980 4.121
DEBIASED GLS (0.07) (0.07) (0.06) (0.06) (0.06) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.02)
DEBIASED LASSO/ DEBIASED GLs 200 1.005 1.254 1.949 2579 3.262 1.001 1.290 2.110 2.898 3.828 1.001 1.289 2112 3.006 4.124
DEBIASED GLS (0.07) (0.06) (0.06) (0.06) (0.06) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.02) (0.02)
DEBIASED LASSO/ DEBIASED GLS 500 1.009 1.241 1.857 2506 3.175 1.002 1.304 2.196 2.897 3.826 1.001 1.298 2.148 3.085 4.093
DEBIASED GLS (0.06) (0.06) (0.05) (0.05) (0.05) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03) (0.02) (0.02) (0.02)
Table E.52: See description of Table 2, for |Sy| =3, d =4, DGP 3 (x; ~ t4 and &, ~ i.i.d. N(0,1)).
Size adjusted power and standard errors
d=4
p/T 200 500 1000
[ 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
GLS LASsO 100 0.764 0.786 0.823 0.825 0.825 0.855 0.872 0.883 0.884 0.891 0.895 0.916 0.927 0.930 0.930
(s.c.) (0.10) (0.09) (0.08) (0.08) (0.08) (0.06) (0.06) (0.05) (0.05) (0.05) (0.04) (0.04) (0.04) (0.03) (0.03)
LASSO 0.764 0.724 0.630 0.532 0.410 0.857 0.835 0.773 0.710 0.582 0.894 0.884 0.839 0.786 0.717
(s.e.) (0.10) (0.11) (0.16) (0.21) (0.27) (0.06) (0.07) (0.10) (0.14) (0.19) (0.04) (0.05) (0.07) (0.10) (0.14)
GLS LASsO 200 0.785 0.823 0.839 0.852 0.854 0.875 0.899 0.903 0.911 0.908 0.915 0.921 0.933 0.937 0.941
(s.e.) (0.10) (0.09) (0.08) (0.08) (0.08) (0.06) (0.06) (0.05) (0.05) (0.05) (0.04) (0.04) (0.03) (0.03) (0.03)
LASSO 0.791 0.753 0.677 0.568 0.441 0.878 0.856 0.780 0.719 0.639 0.916 0.898 0.849 0.813 0.730
(s.e.) (0.10) (0.11) (0.16) (0.21) (0.27) (0.06) (0.07) (0.10) (0.14) (0.19) (0.04) (0.05) (0.07) (0.10) (0.14)
GLS LASSO 500 0.805 0.811 0.832 0.837 0.836 0.867 0.885 0.892 0.900 0.903 0.912 0.919 0.932 0.937 0.935
(s.e.) (0.10) (0.09) (0.08) (0.08) (0.08) (0.06) (0.06) (0.05) (0.05) (0.05) (0.04) (0.04) (0.04) (0.03) (0.03)
LASSO 0.803 0.780 0.693 0.621 0.527 0.868 0.854 0.787 0.699 0.616 0.911 0.898 0.855 0.801 0.723
(s.e.) (0.10) (0.11) (0.16) (0.21) (0.27) (0.06) (0.07) (0.10) (0.14) (0.19) (0.04) (0.05) (0.07) (0.10) (0.14)
Table E.53: See description of Table 2, for |Sy| =3, d =8, DGP 3 (x; ~ t4 and &, ~ i.i.d. N(0,1)).
Size adjusted power and standard errors
d=28
p/T 200 500 1000
¢ 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
GLS LASsO 100 0.823 0.826 0.857 0.863 0.8563 0.891 0.892 0.902 0.906 0.908 0.920 0.928 0.933 0.937 0.941
(s.e) (0.08) (0.07) (0.07) (0.07) (0.07) (0.05) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03)
LASSO 0.824 0.772 0.714 0.627 0.505 0.888 0.888 0.824 0.759 0.662 0.919 0.903 0.876 0.837 0.773
(s.e.) (0.08) (0.09) (0.13) (0.17) (0.22) (0.05) (0.06) (0.09) (0.12) (0.16) (0.04) (0.04) (0.06) (0.08) (0.11)
GLS LASsO 200 0.834 0.856 0.877 0.874 0.884 0.900 0.907 0.924 0.919 0.928 0.923 0.932 0944 0.945 0.949
(s.e.) (0.08) (0.07) (0.07) (0.07) (0.07) (0.05) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03)
LASSO 0.836 0.790 0.717 0.628 0.533 0.900 0.886 0.825 0.767 0.684 0.922 0.913 0.883 0.832 0.776
(s.e.) (0.08) (0.09) (0.13) (0.17) (0.22) (0.05) (0.06) (0.09) (0.12) (0.16) (0.04) (0.04) (0.06) (0.08) (0.11)
GLS LASSO 500 0.828 0.835 0.847 0.848 0.845 0.890 0.902 0.915 0.918 0.914 0.925 0.930 0.943 0.947 0.948
(s.e.) (0.08) (0.08) (0.07) (0.07) (0.07) (0.05) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03)
LASSO 0.822 0.806 0.748 0.664 0.568 0.891 0.873 0.827 0.766 0.686 0.925 0.911 0.870 0.826 0.763
(s.e.) (0.08) (0.09) (0.13) (0.17) (0.23) (0.05) (0.06) (0.09) (0.12) (0.16) (0.04) (0.04) (0.06) (0.08) (0.11)
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Table E.54: See description of Table 2, for |Sy| = 3, d = 16, DGP 3 (x; ~ t4 and &; ~ i.i.d. N'(0,1)).

Size adjusted power and standard errors

d=16
p/T 200 500 1000
[ 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
GLS LASsO 100 0.829 0.851 0.860 0.856 0.855 0.881 0.895 0.912 0.917 0916 0922 0.923 0.932 0.936 0.934
(s.e.) (0.07) (0.07) (0.06) (0.06) (0.06) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03)
LASSO 0.833 0.799 0.703 0.627 0.566 0.879 0.873 0.809 0.748 0.641 0.923 0916 0.882 0.835 0.796
(s.e.) (0.08) (0.09) (0.12) (0.16) (0.21) (0.05) (0.06) (0.08) (0.11) (0.14) (0.03) (0.04) (0.06) (0.08) (0.10)
GLS LASSO 200 0.847 0.859 0.877 0.882 0.886 0918 0.921 0.930 0.936 0.936 0.936 0.943 0.949 0.951 0.955
(s.e.) (0.08) (0.07) (0.06) (0.06) (0.06) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03)
LASSO 0.847 0.816 0.741 0.649 0.548 0.918 0.899 0.849 0.796 0.746 0.934 0.925 0.891 0.852 0.801
(s.e.) (0.08) (0.09) (0.12) (0.16) (0.21) (0.05) (0.06) (0.08) (0.11) (0.14) (0.03) (0.04) (0.06) (0.08) (0.11)
GLS LASSO 500 0.834 0.836 0.857 0.858 0.859 0.905 0.915 0.923 0.929 0.929 0.922 0.932 0943 0.949 0.951
(s.e.) (0.08) (0.07) (0.06) (0.06) (0.07) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03)
0.836 0.817 0.761 0.682 0.583 0.906 0.889 0.839 0.783 0.720 0.923 0916 0.879 0.836 0.775
(s.e.) (0.08) (0.09) (0.12) (0.16) (0.21) (0.05) (0.06) (0.08) (0.11) (0.14) (0.03) (0.04) (0.06) (0.08) (0.11)
Table E.55: See description of Table 2, for |So| =7, d = 4, DGP 3 (x; ~ t4 and &; ~ i.i.d. N(0,1)).
Size adjusted power and standard errors
d=14
p/T 200 500 1000
1) 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
GLS LASsO 100 0.721 0.725 0.734 0.733 0.719 0.761 0.762 0.761 0.753 0.748 0.731 0.737 0.740 0.749 0.749
(s.e.) (0.10) (0.09) (0.09) (0.09) (0.09) (0.06) (0.06) (0.05) (0.05) (0.05) (0.04) (0.04) (0.04) (0.03) (0.04)
LASSO 0.723 0.677 0.580 0.464 0.428 0.762 0.741 0.676 0.602 0.529 0.730 0.737 0.726 0.727 0.625
(s.e.) (0.10) (0.12) (0.16) (0.21) (0.28) (0.06) (0.07) (0.11) (0.14) (0.19) (0.04) (0.05) (0.07) (0.10) (0.14)
GLS LASSO 200 0.755 0.773 0.795 0.799 0.802 0.851 0.861 0.882 0.886 0.884 0.894 0.909 0.919 0.921 0.922
(s.e.) (0.10) (0.10) (0.09) (0.09) (0.09) (0.06) (0.06) (0.05) (0.05) (0.05) (0.05) (0.04) (0.04) (0.03) (0.04)
LASSO 0.754 0.723 0.634 0.524 0.432 0.851 0.839 0.772 0.699 0.609 0.894 0.879 0.832 0.778 0.704
(s.e.) (0.10) (0.12) (0.16) (0.22) (0.28) (0.06) (0.07) (0.11) (0.14) (0.19) (0.05) (0.05) (0.07) (0.10) (0.14)
GLS LASSO 500 0.776 0.781 0.799 0.792 0.796 0.861 0.877 0.888 0.890 0.891 0.903 0.911 0.925 0.926 0.925
(s.e.) (0.11) (0.10) (0.09) (0.09) (0.10) (0.06) (0.06) (0.05) (0.05) (0.06) (0.05) (0.04) (0.04) (0.04) (0.04)
LASSO 0.774 0.742 0.660 0.529 0.421 0.861 0.844 0.779 0.702 0.605 0.903 0.888 0.840 0.784 0.708
(s.e.) (0.11) (0.12) (0.17) (0.22) (0.28) (0.06) (0.07) (0.11) (0.14) (0.19) (0.05) (0.05) (0.07) (0.10) (0.14)
Table E.56: See description of Table 2, for |So| =7, d =8, DGP 3 (z; ~ t4 and &; ~ i.i.d. N'(0,1)).
Size adjusted power and standard errors
d=28
p/T 200 500 1000
1) 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
GLS LASSO 100 0.697 0.684 0.700 0.717 0.699 0.762 0.784 0.784 0.786 0.792 0.735 0.737 0.737 0.747 0.735
(s.e.) (0.08) (0.08) (0.07) (0.07) (0.07) (0.05) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03)
LASSO 0.692 0.658 0.600 0.551 0.481 0.760 0.763 0.718 0.674 0.562 0.734 0.726 0.712 0.695 0.660
(s.e.) (0.08) (0.10) (0.13) (0.18) (0.23) (0.05) (0.06) (0.09) (0.12) (0.16) (0.04) (0.04) (0.06) (0.08) (0.11)
GLS LASSO 200 0.808 0.817 0.836 0.843 0.838 0.884 0.896 0.907 0.910 0.911 0.914 0.924 0934 0934 0.935
(s.e.) (0.08) (0.08) (0.07) (0.07) (0.08) (0.05) (0.05) (0.04) (0.04) (0.05) (0.04) (0.03) (0.03) (0.03) (0.03)
LASSO 0.809 0.782 0.687 0.598 0.514 0.883 0.870 0.810 0.744 0.652 0.914 0.903 0.867 0.817 0.755
(s.e.) (0.09) (0.10) (0.14) (0.18) (0.23) (0.05) (0.06) (0.09) (0.12) (0.16) (0.04) (0.04) (0.06) (0.08) (0.11)
GLS LASSO 500 0.811 0.831 0.838 0.838 0.839 0.890 0.898 0.909 0.910 0.908 0.919 0.927 0.937 0.938 0.938
(s.e.) (0.09) (0.08) (0.08) (0.08) (0.08) (0.05) (0.05) (0.04) (0.04) (0.05) (0.04) (0.03) (0.03) (0.03) (0.03)
LASSO 0.812 0.786 0.715 0.632 0.546 0.888 0.868 0.812 0.753 0.663 0.920 0.908 0.871 0.828 0.755
(s.e) (0.09) (0.10) (0.14) (0.18) (0.23) (0.05) (0.06) (0.09) (0.12) (0.16) (0.04) (0.04) (0.06) (0.08) (0.11)

o4



Table E.57: See description of Table 2, for |Sy| = 7, d = 16, DGP 3 (x; ~ t4 and &; ~ i.i.d. N'(0,1)).

Size adjusted power and standard errors

d=16
p/T 200 500 1000

¢ o 05 08 09 09 0 05 08 09 09 0 05 08 09 095
GLS LASSO 100 0.677 0.700 0.709 0.715 0.705 0.777 0779 0.777 0.778 0772 0747 0737 0.735 0.738 0.739
(se.) (0.08) (0.07) (0.06) (0.07) (0.07) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03)

LASSO 0.676 0.675 0.630 0.559 0488 0.776 0765 0.719 0.691 0.638 0.746 0.747 0.753 0.752  0.719
(se.) (0.08) (0.09) (0.12) (0.16) (0.21) (0.05) (0.06) (0.08) (0.11) (0.15) (0.03) (0.04) (0.06) (0.08) (0.11)

GLS LASSO 200 0.806 0.818 0.837 0.830 0841 0891 0897 0911 0914 0912 0928 0931 0942 0945 0945
(sc.) (0.08) (0.07) (0.07) (0.07) (0.07) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03)

LASSO 0.807 0.788 0700 0.623 0.534 0891 0.869 0817 0.754 0.683 0928 0915 0.874 0829 0.774
(s.) (0.08) (0.09) (0.13) (0.17) (0.21) (0.05) (0.06) (0.08) (0.11) (0.15) (0.03) (0.04) (0.06) (0.08) (0.11)

GLS LASSO 500 0.818 0.827 0.841 0842 0840 0894 00901 0912 0912 0914 0925 0931 0941 0944 0943
(s.) (0.08) (0.08) (0.07) (0.07) (0.08) (0.05) (0.04) (0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.03) (0.03)

LASSO 0818 0.796 0.722 0.662 0.555 0.893 0.878 0.830 0.770 0.695 0924 0913 0876 0.833 0.772
(se.) (0.08) (0.09) (0.13) (0.17) (0.22) (0.05) (0.06) (0.08) (0.11) (0.15) (0.03) (0.04) (0.06) (0.08) (0.11)

Table E.58: See description of Table 3, for |So| = 3. d =4, DGP 3 (x; ~ tq and g, ~ i.i.d. N(0,1)).

d=4
p/T 200 500 1000

6 0 05 08 09 09 0 05 08 09 095 0 05 08 09 095
DEBIASED 1ASSO  AvgCov S 100 0.463 0517 0653 0.744 0.820 0251 0.202 0418 0552 0676 0.161 0.184 0273 0365 0.492
AvgCov S5 0.958 0.957 0957 0.955 0.955 0955 0955 0.953 0.953 0953 0.952 0.952 0953 0.951 0.952

AvgLength 0.285 0325 0458 0.607 0.790 0.177 0.204 0291 0396 0.537 0.125 0.144 0206 0.281 0.387

AvgLength® 0284 0324 0457 0.606 0788 0177 0.203 0.291 0395 0.537 0.125 0.143 0206 0.281 0.387

DEBIASED GLS  AvgCov So 0460 0428 0.390 0.390 0408 0251 0.230 0205 0200 0.203 0.161 0.149 0.130 0.125 0.126
AvgCov S5 0.957 0.960 0.963 0.965 0.970 0.954 0956 0.957 0.960 0965 0.5 0.953 0953 0.956 0.961

AvgLength 0283 0258 0.232 0.231 0240 0177 0159 0.041 0138 0.141 024 0111 0.098 0.095 0.095

AvgLength® 0282 0258 0.232 0.230 0240 0177 0159 0.041 0138 0.141 0.24 0111 0.098 0.095 0.095

DEBIASED 1ASSO  AvgCov S, 200 0.489 0.548 0675 0.74 0.832 0246 0.284 0.398 0531 0.669 0.150 0.180 0.271 0.377 0499
AvgCov S 0.965 0965 0.964 0.964 0961 0959 0.959 0.958 0958 0.958 0.954 0956 0.957 0.956 0.955

AvgLength 0290 0332 0.468 0.619 0804 0178 0.204 0291 0395 0.536 0.125 0.144 0207 0.282 0.387

AvgLength® 0.289 0331 0466 0.617 0802 0177 0.204 0291 0395 0.536 0.125 0.144 0206 0.282 0.387

DEBIASED GLS  AvgCov S 0488 0460 0421 0426 0446 0245 0.224 0.196 0195 0.201 0152 036 0121 0.115 0.117
AvgCov S5 0.965 0.967 0970 0.973 0.977 0959 0961 0.964 0.966 0971 0.953 0.955 0958 0.961 0.964

AvgLength 0288 0263 0.238 0.239 0251 0177 0.160 0.143 0140 0.144 0.125 0.112 0.098 0.096 0.097

AvgLength® 0.287 0262 0.237 0.238 0250 0177 0.160 0.42 0140 0.144 0.25 0.112 0.098 0.096 0.097

DEBIASED LASSO  AvgCov S, 500 0.541 0.602 0.726 0.822 0.878 0281 0.323 0.445 0585 0717 0.179 0211 0297 0.394 0.538
AvgCov S 0.978 0977 0.976 0.972 0.970 0969 0.969 0.966 0966 0.966 0.960 0.961 0961 0.959 0.961

AvgLength 0.307 0.340 0488 0.643 0.820 0180 0207 0.294 0397 0536 0.125 0.145 0208 0.283 0.389

AvgLength® 0.372 0.364 0537 0775 0.907 0.180 0206 0.204 0397 0536 0.125 0.145 0207 0.283 0.388

DEBIASED GLS  AvgCov S, 0540 0.517 0482 0486 0.511 0282 0262 0.233 0232 0236 0.179 0157 0.138 0.136 0.137
AvgCov S 0.978 0978 0.981 0.983 0.985 0969 0.971 0.973 0975 0979 0.960 0.961 0965 0.968 0.971

AvgLength 0.315 0286 0.274 0.279 0364 0179 0.162 0.145 0.142 0.149 025 0.112 0100 0.097 0.099

AvgLength® 0.335 0344 0309 0311 0368 0179 0.162 0.145 0142 0.149 025 0.112 0100 0.097 0.099
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Table E.59: See description of Table 3, for |Sy| = 3. d = 8, DGP 3 (x; ~ tg4 and g; ~ i.i.d. N(0,1)).
d=38
p/T 200 500 1000
¢ 0 05 08 09 09 0 05 08 09 09 0 05 08 09 095
DEBIASED LASSO  AvgCov S 100 0.789 0.812 0.867 0.892 0.908 0602 0.661 0.788 0.859 0906 0.432 0485 0652 0.775 0.854
AvgCov S 0.957 0957 0.957 0.955 0952 0955 0.954 0953 0953 0.953 0.952 0952 0.952 0.952 0.952
AvgLength 0278 0318 0.448 0594 0772 0175 0.202 0288 0392 0.532 0.124 0.143 0.205 0.280 0.385
AvgLength® 0278 0317 0.447 0594 0772 0175 0.202 0288 0392 0.532 0124 0.143 0.205 0.280 0.385
DEBIASED GLS  AvgCov S 0.790 0.767 0.738 0.746 0764 0.603 0.565 0514 0502 0.521 0420 0394 0.350 0.337 0338
AvgCov S 0.956 0959 0.961 0.965 0970 0954 0.955 0955 0958 0.965 0.952 0952 0.953 0.956 0.960
AvgLength 0276 0.252 0.226 0225 0.236 0175 0.57 0.139 0135 0.40 0.124 0111 0097 0.094 0.094
AvgLength® 0276 0252 0.226 0.225 0235 0175 0.57 039 0135 0.40 0.24 0111 0.097 0.094 0.094
DEBIASED LASSO  AvgCov S, 200 0.807 0.835 0.885 0.907 0.925 0612 0.656 0.784 0.863 0908 0427 0498 0655 0.773 0.859
AvgCov S 0.964 0964 0.963 0.961 0959 0958 0.957 0.956 0957 0.956 0.954 0955 0.955 0.954 0.955
AvgLength 0280 0321 0451 0597 0776 0176 0.202 0289 0392 0.531 024 0.143 0.205 0.280 0.385
AvgLength® 0280 0320 0451 0597 0775 0176 0.202 0289 0392 0.531 0124 0.143 0.205 0.280 0.385
DEBIASED GLS  AvgCov So 0.804 0783 0.760 0.767 0779 0610 0.571 0525 0526 0.541 0427 0390 0.346 0.337 0.340
AvgCov S 0.963 0966 0.970 0.973 0976 0.958 0.960 0.960 0963 0.970 0.954 0955 0.957 0.950 0.964
AvgLength 0278 0255 0.230 0.233 0243 0176 0.158 0.140 0137 0.143 0.24 0111 0.098 0.095 0.096
AvgLength® 0278 0254 0230 0.233 0242 0175 058 0140 0137 0.143 024 0.111 0.098 0.095 0.096
DEBIASED LASSO  AvgCov S, 500 0.835 0.855 0919 0.935 0.938 0661 0.713 0.817 0.883 0920 0.459 0516 0679 0.797 0.868
AvgCov S 0.975 0974 0.974 0.970 0967 0966 0.965 0.963 0964 0.962 0.960 0960 0.957 0.957 0.958
AvgLength 0285 0325 0457 0.603 0780 0177 0.203 0290 0391 0.528 0124 0.143 0.206 0.281 0.386
AvgLength® 0285 0325 0456 0.602 0779 0177 0.203 0290 0391 0.527 0124 0.143 0.206 0.281 0.386
DEBIASED GLS  AvgCov Sy 0.834 0810 0.793 0.802 0814 0.663 0.626 0572 0577 0.591 0450 0418 0.380 0.366 0.379
AvgCov S 0.975 0976 0.980 0.982 0.984 0966 0.968 0.968 0973 0.977 0.960 0962 0.964 0.966 0.971
AvgLength 0283 0258 0.237 0.242 0252 0176 0.160 0.140 0.142 0.148 0124 0.112 0.099 0.095 0.099
AvgLength® 0283 0258 0.237 0.242 0252 0176 0.160 0.140 0.142 0.147 024 0.112 0.099 0.095 0.099
Table E.60: See description of Table 3, for |Sy| = 3. d = 16, DGP 3 (@ ~ tg and &; ~ i.i.d. N(0,1)).
d=16
p/T 200 500 1000
¢ 0 05 08 09 09 0 05 08 09 09 0 05 08 09 095
DEBIASED 1ASSO  AvgCov S 100 0.886 0.890 0918 0.927 0.938 0843 0.858 0.908 0932 0937 0.766 0.799 0875 0.910 0.928
AvgCov S 0.956 0956 0.957 0.953 0952 0953 0.953 0953 0954 0.953 0.951 0952 0.952 0.952 0.952
AvgLength 0277 0317 0447 0593 0771 0175 0.202 0288 0392 0.531 0124 0.143 0.205 0.280 0.385
AvgLength® 0.277 0317 0.447 0593 0771 0175 0.201 0288 0391 0.531 0.124 0.143 0.205 0.280 0.385
DEBIASED GLS  AvgCov So 0.885 0878 0.872 0.879 0890 0842 0.820 0.795 0.795 0.811 0.767 0.724 0.679 0.673 0.676
AvgCov S 0.956 0959 0.961 0.966 0970 0953 0.954 0955 0958 0.964 0.951 0952 0.953 0.955 0.959
AvgLength 0276 0252 0.225 0.226 0234 0175 0157 0139 0135 0.139 0.124 0111 0.097 0.094 0.094
AvgLength® 0276 0251 0.225 0.225 0234 0175 0157 0.38 0135 0.139 0.124 0111 0.097 0.094 0.094
DEBIASED LASSO  AvgCov S, 200 0.897 0912 0921 0.926 0.933 0838 0.864 0.906 0925 0932 0.753 0.799 0874 0.912 0.931
AvgCov S 0.963 0963 0.963 0.961 0958 0957 0.956 0.956 0956 0.955 0.953 0954 0.953 0.953 0.953
AvgLength 0279 0.320 0450 0596 0.774 0176 0202 0.289 0.392 0531 0.124 0.143 0205 0.280 0.385
AvgLength® 0279 0319 0.449 0595 0.773 0176 0.202 0289 0392 0.531 0.124 0.143 0.205 0.280 0.385
DEBIASED GLS  AvgCov So 0.807 0.884 0.877 0.886 0890 0.840 0.830 0.804 0809 0.819 0.753 0.728 0.687 0.676 0.689
AvgCov S 0.962 0965 0.969 0.973 0976 0957 0.959 0959 0963 0.969 0.953 0955 0.956 0.958 0.964
AvgLength 0277 0253 0.229 0.232 0242 0175 0.158 0.139 0137 0.143 0124 0111 0.098 0.094 0.096
AvgLength® 0277 0252 0.229 0.231 0241 0175 0.158 0.139 0137 0.143 0.124 0.111 0.098 0.094 0.096
DEBIASED LASSO  AvgCov S 500 0.908 0.906 0927 0.930 0.935 0862 0.884 0.917 0937 0938 0.772 0.815 0885 0.919 0.935
AvgCov S 0.975 0975 0.974 0.969 0967 0964 0.962 0.963 0963 0.960 0.959 0958 0.956 0.957 0.957
AvgLength 0282 0323 0453 0599 0774 0176 0.203 0289 0391 0.527 024 0.143 0.206 0.281 0.386
AvgLength® 0282 0323 0453 0599 0774 0176 0.203 0289 0391 0.527 0124 0.143 0.206 0.281 0.385
DEBIASED GLS  AvgCov So 0.002 0.887 0.891 0.898 0901 0.859 0.844 0.828 0.833 0.846 0.771 0.743 0.709 0.704 0.724
AvgCov S 0.974 0976 0.980 0.982 0983 0964 0.966 0.967 0972 0.975 0.959 0961 0.963 0.965 0972
AvgLength 0281 0257 0.237 0.238 0251 0176 0.150 0.140 0.142 0.146 0.124 0.112 0.098 0.095 0.100
AvgLength® 0281 0257 0.237 0.238 0251 0176 0.159 0.140 0.42 0.146 0.24 0.112 0.098 0.095 0.100
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Table E.61: See description of Table 3, for |So| =7.d =4, DGP 3 (x; ~ tq and &, ~ i.i.d. N(0,1)).

d=4
p/T 200 500 1000
0] 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95 0 0.5 0.8 0.9 0.95
DEBIASED LASSO  AvgCov Sg 100 0.473 0.533 0.668 0.758 0.826 0.249 0.284 0.409 0.546 0.671 0.162 0.186 0.271 0.366 0.494
AvgCov S§ 0.956 0.955 0.954 0.955 0.955 0.950 0.951 0.953 0.952 0.953 0.952 0.950 0.953 0.952 0.951
AvgLength 0.295 0.336 0.471 0.624 0.810 0.179 0.206 0.295 0.400 0.542 0.125 0.144 0.207 0.282 0.388
AvgLength® 0.294 0.335 0.471 0.623 0.809 0.179 0.206 0.294 0.400 0.542 0.125 0.144 0.207 0.282 0.388
DEBIASED GLS AvgCov Sy 0.472 0.445 0.418 0.419 0.440 0.249 0.225 0.202 0.204 0.209 0.162 0.146 0.129 0.127 0.131
AvgCov S§ 0.955 0.957 0.963 0.967 0.970 0.950 0.953 0.955 0.962 0.967 0.951 0.951 0.951 0.956 0.964
AvgLength 0.293 0.270 0.250 0.252 0.264 0.179 0.162 0.144 0.146 0.150 0.125 0.113 0.099 0.097 0.100
AvgLength® 0.293 0.269 0.250 0.252 0.264 0.179 0.162 0.144 0.146 0.150 0.125 0.113 0.099 0.097 0.100
DEBIASED LASSO  AvgCov S, 200 0.523 0.584 0.723 0.805 0.857 0.267 0.305 0.427 0.556 0.688 0.168 0.191 0.277 0.386 0.514
AvgCov S§ 0.969 0.968 0.967 0.966 0.965 0.958 0.960 0.960 0.958 0.959 0.954 0.953 0.957 0.956 0.955
AvgLength 0.304 0.347 0.484 0.638 0.825 0.181 0.209 0.298 0.403 0.546 0.126 0.145 0.208 0.284 0.390
AvgLength® 0.304 0.346 0.483 0.637 0.824 0.181 0.208 0.297 0.403 0.546 0.126 0.145 0.208 0.284 0.390
DEBIASED GLS AvgCov Sy 0.525 0.498 0.478 0477 0496 0.266 0.243 0.225 0.224 0.229 0.168 0.150 0.132 0.131 0.134
AvgCov S§ 0.968 0.970 0.974 0977 0.979 0.958 0.960 0.964 0.969 0.973 0.954 0.954 0.956 0.963 0.968
AvgLength 0.302 0.281 0.264 0.268 0.281 0.181 0.164 0.148 0.151 0.155 0.126 0.113 0.100 0.100 0.103
AvgLength® 0.302 0.281 0.264 0.267 0.281 0.181 0.163 0.148 0.150 0.154 0.126 0.113 0.100 0.100 0.103
DEBIASED LASSO  AvgCov Sy 500 0.593 0.653 0.775 0.848 0.889 0.298 0.348 0.487 0.610 0.731 0.182 0.205 0.303 0.406 0.540
AvgCov S§ 0.985 0.984 0.982 0.979 0.975 0.970 0.972 0.971 0.969 0.970 0.960 0.961 0.964 0.962 0.961
AvgLength 0.331 0.409 0.531 0.693 0.998 0.185 0.213 0.302 0.407 0.548 0.127 0.147 0.210 0.287 0.393
AvgLength® 0.343 0.401 0.560 0.710 0.911 0.185 0.213 0.302 0.407 0.548 0.127 0.147 0.210 0.286 0.393
DEBIASED GLS AvgCov Sy 0.591 0.574 0.555 0.558 0.572 0.298 0.276 0.253 0.252 0.263 0.182 0.162 0.149 0.148 0.149
AvgCov S§ 0.984 0.984 0.98 0.988 0.989 0.970 0.973 0.977 0.980 0.982 0.960 0.962 0.965 0.972 0.974
AvgLength 0.387 0.324 0.411 0.317 0.675 0.185 0.167 0.155 0.155 0.161 0.127 0.114 0.102 0.104 0.105
AvgLength® 0.342 0.355 1.035 0.609 0.371 0.185 0.167 0.155 0.155 0.161 0.127 0.114 0.102 0.104 0.105

Table E.62: See description of Table 3, for |Sy| = 7. d = 8, DGP 3 (x; ~ tq4 and ¢; ~ i.i.d. N(0,1)).

d=38
p/T 200 500 1000
) 0 05 08 09 09 0 05 08 09 09 0 05 08 09 0095
DEBIASED LASSO AvgCov S; 100 0.805 0.832 0.886 0.909 0.917 0.609 0.669 0.791 0.862 0.908 0.435 0.499 0.656 0.773 0.852
AvgCov 5§ 0.959 0.956 0.956 0.958 0.956 0.955 0.954 0.953 0.953 0.953 0.951 0.951 0.953 0.952 0.951
AvgLength 0.287 0.327 0.460 0.609 0.789 0.178 0.204 0.292 0.396 0.537 0.125 0.144 0.206 0.281 0.387
AvgLengthe 0.287 0.327 0.460 0.609 0.789 0.178 0.204 0.292 0.396 0.537 0.125 0.144 0.206 0.281 0.387
DEBIASED GLS  AvgCov Sp 0.802 0.788 0.767 0.772 0.790 0.606 0.566 0.523 0.522 0.533 0.434 0394 0.350 0.343 0.352
AvgCov 5§ 0.957 0.960 0.963 0.968 0.972 0.954 0.955 0.958 0.963 0.967 0.951 0.952 0.953 0.959 0.965
AvgLength 0.285 0.263 0.241 0.244 0.257 0.177 0.160 0.143 0.143 0.147 0.125 0.112 0.098 0.097 0.099
AvgLengthe 0.285 0.263 0241 0.243 0.257 0.177 0.160 0.143 0.143 0.147 0.125 0.112 0.098 0.097 0.099
DEBIASED LASSO AvgCov So 200 0.820 0.845 0.892 0.919 0.930 0.614 0.672 0.796 0.863 0.902 0.432 0496 0.656 0.772 0.849
AvgCov ¢ 0.969 0.968 0.967 0.967 0.965 0.961 0.960 0.957 0.958 0.959 0.954 0.955 0.956 0.954 0.955
AvgLength 0.293 0.334 0.468 0.617 0.799 0.179 0.206 0.293 0.398 0.538 0.125 0.144 0.207 0.282 0.388
AvgLengthe 0.293 0.334 0.468 0.617 0.799 0.179 0.206 0.293 0.398 0.538 0.125 0.144 0.207 0.282 0.388
DEBIASED GLS  AvgCov S, 0.820 0.802 0.791 0.797 0.817 0.613 0.580 0.546 0.546 0570 0432 0.392 0.352 0.353 0.354
AvgCov S¢ 0.968 0.970 0.973 0.977 0.980 0.960 0.962 0.967 0.970 0.974 0.953 0.955 0.958 0.965 0.967
AvgLength 0.291 0271 0.251 0.257 0270 0.178 0.161 0.147 0.146 0.152 0.125 0.112 0.099 0.100 0.100
AvgLengthe 0201 0.271 0251 0.257 0.270 0.178 0.161 0.147 0.146 0.152 0.125 0.112 0.099 0.100 0.100
DEBIASED LASSO AvgCov S; 500 0.868 0.888 0.915 0.932 0.938 0.663 0.729 0.836 0.893 0.927 0.459 0.533 0.700 0.801 0.874
AvgCov S¢ 0.984 0.983 0.981 0.979 0.974 0971 0971 0.967 0.969 0.968 0.960 0.962 0.961 0.959 0.961
AvgLength 0.302 0.343 0.479 0.630 0.809 0.181 0.208 0.296 0.399 0.538 0.126 0.145 0.208 0.284 0.390
AvgLength® 0.301 0.343 0479 0.629 0.809 0.181 0.208 0.296 0.399 0538 0.126 0.145 0.208 0.284 0.390
DEBIASED GLS  AvgCov S, 0.867 0.850 0.842 0.850 0.868 0.663 0.637 0.611 0.606 0.636 0.459 0.425 0.394 0.390 0.395
AvgCov ¢ 0.983 0.983 0.985 0.988 0.980 0.971 0.974 0.977 0.979 0.983 0.960 0.963 0.969 0.972 0.975
AvgLength 0.300 0.281 0.263 0.272 0.288 0.180 0.164 0.151 0.150 0.160 0.126 0.113 0.103 0.102 0.103
AvgLengthe 0299 0.281 0.263 0272 0288 0.180 0.164 0.151 0.150 0.160 0.126 0.113 0.103 0.101 0.103
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Table E.63: See description of Table 3, for [Sp| = 7. d = 16, DGP 3 (x; ~ t4 and &; ~ i.i.d. N'(0,1)).
d=16
p/T 200 500 1000
¢ 0 05 08 09 09 0 05 08 09 09 0 05 08 09 095
DEBIASED LASSO  AvgCov S 100 0.895 0.902 0923 0.931 0.934 0841 0866 0.909 0930 0945 0.760 0.802 0877 0.908 0.925
AvgCov S 0.958 0956 0.957 0.958 0956 0.954 0.954 0953 0953 0.954 0.951 0952 0.952 0.952 0.952
AvgLength 028 0326 0.459 0.607 0786 0177 0.204 0291 0396 0.537 0.125 0.144 0206 0.281 0.387
AvgLength 028 0326 0459 0.607 0786 0177 0.204 0291 0396 0.537 0.125 0.144 0.206 0.281 0.387
DEBIASED GLS  AvgCov Sy 0.801 0881 0.875 0.882 0.898 0.838 0.820 0.803 0801 0.815 0.760 0723 0.684 0.683 0.692
AvgCov S 0.957 0960 0.963 0.968 0972 0954 0.955 0.958 0963 0.968 0.951 0953 0.954 0.960 0.965
AvgLength 0.284 0262 0.239 0.243 0256 0.177 0.159 0.143 0.42 0.146 0125 0.112 0.098 0.097 0.099
AvgLength 0284 0.262 0.239 0.243 0.256 0177 0159 0.143 0.142 0.146 0.125 0.112 0.098 0.097 0.099
DEBIASED LASSO  AvgCov S 200 0.906 0.909 0922 0.933 0.940 0.858 0881 0911 0925 0935 0.764 0.804 0878 0911 0.928
AvgCov S 0.968 0967 0.967 0.966 0964 0959 0.959 0957 0958 0.958 0.953 0954 0.954 0.953 0.955
AvgLength 0291 0333 0466 0.615 0795 0179 0.205 0.293 0397 0.538 0.125 0.144 0207 0.282 0.387
AvgLength® 0291 0333 0466 0.615 0795 0179 0.205 0293 0397 0.538 0125 0.144 0.207 0.282 0.387
DEBIASED GLS  AvgCov Sy 0.901 0.891 0.884 0.893 0906 0856 0.840 0.824 0825 0.843 0.765 0730 0.696 0.700 0.704
AvgCov S§ 0.967 0.969 0.972 0.977 0980 0959 0961 0965 0.968 0.973 0.953 0.955 0.959 0.965 0.968
AvgLength 0.289 0.270 0.249 0.256 0.270 0178 0.161 0.146 0.145 0.153 0.125 0.112 0.100 0.099 0.100
AvgLength 0.289 0.269 0.249 0.256 0.270 0178 0.161 0.146 0.145 0.153 0.125 0.112 0.100 0.099 0.100
DEBIASED 1ASSO  AvgCov S 500 0.910 0.916 0924 0.929 0.934 0869 0.897 0.923 0936 0946 0.788 0.833 0894 0.918 0.936
AvgCov S 0.983 0982 0.981 0.978 0974 0970 0.970 0.966 0968 0.967 0.960 0961 0.960 0.958 0.960
AvgLength 0299 0341 0476 0.625 0803 0180 0.207 0295 0398 0.536 0.126 0.145 0.208 0.284 0.389
AvgLength® 0299 0341 0476 0.625 0803 0180 0.207 0295 0398 0.536 0.126 0.145 0.208 0.284 0.389
DEBIASED GLS  AvgCov Sy 0.906 0.894 0.892 0.905 0917 0869 0.861 0.849 0855 0.875 0.787 0754 0.731 0.722 0.733
AvgCov S 0.983 0983 0.985 0.987 0989 0970 0.973 0975 0979 0.982 0.960 0963 0.969 0.970 0.975
AvgLength 0.207 0.277 0.261 0.270 0.285 0.180 0.164 0.148 0.150 0.160 0.126 0.113 0.103 0.100 0.104
AvgLength 0297 0277 0.261 0.270 0285 0180 0.164 0.148 0.150 0.160 0.126 0.113 0.103 0.100 0.104
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F Empirical Study Supplement

This Supplement provides a detailed discussion of the models examined in Section 7 of the

main paper. The models are described below:
1. GLS LASSO:

q

~(GLS ~ > ~1 D

Z/I(Rtﬁ\t = prp + E ¢inP,t7i+1 + fC:gIBGLs» (Fl)
i=1

where fp; is the sample average of ypy and Ypr = yipr — 21y gz;inP,t—z', T, =
T —y i, Gy, EGLS is a (121 x 1) vector of GLS LASSO estimated coefficients, b =
(¢1, . .. ,q/b\q)/ are OLS estimates, such that ¢ = (€,_,€r-1)7'€, 1€, € = yps — a:QBGLS.
The order ¢ is selected using information criteria, as discussed in Section 2, with the
maximum number of lags set equal to [, = 20. The selection of the regularisation
hyper-parameter is obtained via hv-block cross validation. In Section 5 we discuss how
this cross-validation methods is implemented and also our choices for the relevant hyper-
parameters required (h and v). This is the cross validation method that we use to select

the regularisation hyper-parameters for all LASSO based methods presented below.

2. LASSO: _(LASSO)

—_— 7 I3
Yip e = Mpe + &1 Brassos

where firp; is the sample average of yip 4, B\LASSO is a (121 x 1) vector of LASSO estimated

coefficients.
3. ARDL (q,r): _(ARDL) _ ~ P
Ytp e = Mipt + 21, BArpL>
where fiip ; is the sample average of Yip s, 210 = (Ytpt, - - -, YtPt—py Tty - - -, L) a0d BarpL

is a ((¢xp)+r) vector of LASSO estimated coefficients of the distributed lags, that depends
on the orders (p, 7).

4. AR(q) model:

~(AR ~ o~ ~ ~
yI(P,t+)1\t = po + pryip,t + P2Yipt—1 + **  PgYIPt—q+1,

Po, P1,---,Pq are OLS estimates, the order ¢ is selected using information criteria, with

the maximum number of lags set equal to ., = 20.

5. FA-AR(q):

~(FA-AR) _ ~ | ~ ~ ~ iy

yl(p,mﬁ )= Do+ Puyies + Baytpe—1 + o+ Dyyp—qrr + Xy,
where ft is an (m x 1) vector of the estimated unobserved common factors extracted from
variables in 25 ,, where 23, is the standardised version of z5; = (yip,, %), obtained by
subtracting its sample mean and dividing each series by its sample standard deviation.

We set the number of factors, m, to 1. The unobserved factor, is estimated using the
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method of principal components, and py, pi,...,p, are OLS estimates. We select the

order ¢ using BIC, with the maximum number of lags set equal to [, = 20.
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